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ARTICLE INFO ABSTRACT

Keywords: Global Navigation Satellite System (GNSS) suffers from the multipath signals reflected by various objects in
GNSS multipath signals the vicinity of receivers. A severe multipath environment may enormously hamper the tracking performance,
Joint angle, polarization, and time delay resulting in meter-level pseudorange error. To solve the parameter estimation (angle, polarization, and time
estimation

delay) problem and enhance multipath mitigation, particularly in the presence of high spatial and temporal
Multipath mitigation correlation between the line-of-sight signal and multipath signals, we propose a novel method based on multi-
Off-grid estimation dimensional processing and multiple sparse Bayesian learning (MSBL). Our method establishes a joint spatial,
Dual-polarization antenna array polarization, and temporal GNSS signal model and utilizes sparsity in the spatial and temporal domains, as well
as signal characteristics in the polarization domain, to solve the multi-dimensional processing problem. We
then derive an MSBL-based joint estimator of angle, polarization, and time delay for each signal, extending
an off-grid estimator for angles and time delays to reduce complexity and improve resolution. Simulation
results demonstrate that our approach achieves close-to-optimal performance compared to the Cramér-Rao
bound and outperforms other methods, particularly under highly spatially or temporally correlated signals
and with multiple multipath signals. These results show that our proposed method has excellent robustness
and effectiveness in combating multipath.

Multiple sparse Bayesian learning

1. Introduction 1.1. Related works
Global Naviga.tion Satellite SysteITls (QNSS) have expferieflced Significant research and development efforts have been devoted to
marked advances in recent years, enabling high-accuracy applications, the mitigation of multipath effects. They may be classified according

e.g., surveying, advanced driving support, precision aircraft landing
systems, and remote sensing. Specific GNSS are the well-known Amer-
ican GPS, the European Galileo, and the Chinese Beidou. According to
the operating principle, a GNSS receiver computes its position based
on the distances between the receiving antenna and a set of satellites,
and the distances are determined by measuring the propagation time
of the satellite signals. This propagation time is usually obtained from
the time delay (referred to as pseudorange) of the line-of-sight signal
(LOSS). However, in urban and offshore environments, the existence
of multipath signals can significantly distort the correlation function
between the incoming signals and the local replicas used for time delay
estimation, which hampers the accuracy of time delay estimate. In

particular, the multipath signals can introduce a bias up to meters o B . )
or even hundreds of meters in traditional GNSS receivers [1]. Thus, on the polarization domain. The fact that the GNSS transmits a right-

multipath remains as the limiting factor in achieving the ultimate GNSs ~ hand circular polarized (RHCP) signal and turns partly into a left-hand
accuracy in some applications. circular polarized (LHCP) signal upon reflection [8,9] supports the idea

to various criteria, e.g., single-dimensional versus multi-dimensional
processing and traditional versus sparse representation methods, as
described in detail below.

(1). Single-dimensional and Multi-dimensional Processing: Tradition-
ally, multipath mitigating methods are applied on a single domain: time
or space, and therefore the separations in single domain (e.g., time
delay separations or the angle separations) between LOSS and the
multipath signals are crucial. Examples of such techniques include the
narrow correlator delay locked loop (DLL) [2], multipath estimating
DLL [3], spatial smoothing (SS) subspace-based methods [4,5], iterative
adaptive approach (IAA) [6], and multiple sparse Bayesian learning
(MSBL) [7]. The multipath mitigation can be similarly performed based
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of polarization processing. Most GNSS antennas are designed to be
sensitive to the RHCP signals [10], thus leading to a natural multi-
path rejection. With the development of the dual-polarization antenna
(DPA), the potential benefits of processing both RHCP and LHCP signals
have been investigated. Some works have attempted to estimate and
mitigate the multipath signals by means of the separate correlators of
RHCP and LHCP signals [11-13]. Unfortunately, unless a considerable
separation between the LOSS and the multipath signals occurs exactly
in the corresponding dimension, the above methods cannot provide a
satisfactory performance in general.

To enhance multipath mitigation, multi-dimensional processing
based on information from more than one domain has been exten-
sively studied. For example, many papers have addressed the joint
spatial and temporal estimation of multipath signals, such as the
space alternating generalized expectation-maximization [14], weighted
RELAXation [15], subspace-based joint angle and delay estimation
(JADE) [16,17], and JADE-MSBL [18]. These joint spatial and tem-
poral methods exploit the space and time dimensions, improving the
robustness of multipath mitigation and increasing the number of es-
timable signals compared with single domain processing. However,
their multipath mitigating performance sometimes drops dramatically
since they implicitly assume that the multipath signals are only highly
correlated in the spatial or in the temporal domain, but not in both,
what is sometimes not satisfied in severe multipath environment. In
view of high spatial and temporal correlation in multipath signals, joint
space and polarization processing is another promising solution, which
is generally fulfilled by deploying an array of polarized antennas. By
exploiting the polarization diversity in addition to the spatial diversity,
many subspace-based methods are developed to estimate angle and
polarization [19-21] utilizing LHCP signals. Further considering the
urgent need for the accurate LOSS time delay in GNSS applications,
various beamformers based on angle and polarization estimates of mul-
tipath signals, such as spatial null-steering [22], and joint spatial and
polarization linear constraint minimum variance or Capon beamform-
ers [23,24], have been ingeniously designed to mitigate the multipath
signals. While joint spatial and polarization processing offers increased
degrees of freedom for identifying highly spatially correlated signals,
it does not fully consider temporal separations, limiting its ability to
recognize such signals. Additionally, this processing is constrained by
the size of antenna and may perform poorly in complex multipath
environment [25].

(2). Traditional and Sparse Representative Methods: On the other
hand, various multipath mitigating methods rely on different principles.
Traditional works in this direction are [14-17,26], where most of them
follow the maximum likelihood (ML) or subspace-based principles. The
ML-based methods fully exploit the statistical characterization of the
signals and, in general, require a simultaneous search over all unknown
parameters to be estimated. Therefore, their performances are achieved
at the expense of an increased complexity [27]. The subspace-based
methods make perfect trade-off between performance and complexity,
however, they have to work in a not so highly correlated multipath
environment or using a large number of snapshots to provide reliable
estimates [16].

Besides the traditional methods above, sparse representation, an
alternative obtained by formulating the problem using sparsity [28,29],
have attracted noticeable interest. By using the sparse representation,
the estimation problem recast as a sparse linear problem by defining
an over-complete matrix of steering vectors evaluated over a cer-
tain domain. The application of sparse representation in GNSS has
been centered on angle estimation: see, for example, the basis pursuit
method [30], #,-singular value decomposition [31], iterative methods
such as focal underdetermined system solution (FOCUSS) [32], IAA
based on weighted least squares [6], and MSBL following the Bayesian
method together with Expectation-Maximization [7]. One attraction
of MSBL is that, different from the #,-minimization based algorithms,
whose global minimum is generally not the sparsest solution [33,34],
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the global minima of MSBL are always the sparsest one. Also, MSBL
has much fewer local minima than some classic algorithms, such as
the FOCUSS family [32,35]. All these advantages make MSBL excel
in multipath mitigation with few snapshots and in severe multipath
signals [36]. In addition, the sparse representation can be improved
by the dense sampling grids. However, the complexity and the mutual
coherence between the steering vectors in the over-complete matrix
are increased. Considering the requirement of low complexity and
the reduction of off-grid effects' [28], the off-grid SBL estimators are
proposed and have been tested effectively [37].

1.2. Contributions

We have considered the joint space and time for enhancing the
accuracy estimates in GNSS multipath environments in our previous
work [18]. In particular, we propose using the MSBL together with
the joint angle and delay estimation technique (JADE-MSBL). The
JADE-MSBL performs good in spatially and temporally correlated mul-
tipath situations. To enhance the robustness of the algorithm in mul-
tipath environments, we discussed the potential and advantages of
multi-dimensional processing. Inspired by the robust multi-dimensional
processing together with effective sparse-representative methods, we
extend the consideration to the polarization domain based on JADE-
MSBL, and propose a joint angle, polarization, and time delay estima-
tion MSBL (JAPDE-MSBL) method to combat the multipath, especially
when a high correlation exists between the LOSS and the multipath
signals. The main contributions of this paper are as follows:

» To enhance the ability of multipath mitigation, we extend the
MSBL-based algorithm in [18] from JADE to JAPDE, proposing
a three-dimensional processing by leveraging joint information
from spatial, polarization, and temporal domains. Specifically,
a DPA-based GNSS multipath model and its corresponding off-
grid sparse model that integrate space, polarization, and time
are thereby developed to improve the robustness in challenging
multipath environments.

We propose a novel algorithm to exploit the spatial and temporal
sparsity and polarization characteristics of GNSS signals by utiliz-
ing the joint estimation technique of angle, polarization, and time
delay in conjunction with the MSBL method. To counteract the
inherent limitations of MSBL, one off-grid estimator is presented
to enhance the accuracy and reliability of both angles and time
delays. Furthermore, for the theoretical supportive purpose, we
derive a Cramér-Rao lower bound (CRLB) of DPA as well.

We evaluate the proposed joint spatial, polarization, and temporal
MSBL method in terms of its spectrum, convergence, complex-
ity, and root mean square errors (RMSEs) via multipath time
delay, multipath angle, number of antenna elements, and dual-
polarization gain (DPG). The results show that the proposed
method describes an accurate spectrum and outperforms other
competitive algorithms in multipath mitigation, particularly for
highly spatially or temporally correlated signals and in a rich
multipath environment. In future studies, additional evaluations
utilizing real-world data will be necessary to fully assess the
effectiveness of the proposed JAPDE-MSBL in GNSS positioning.

1.3. Arrangement and notations

The rest of the paper is organized as follows. In Section 2, a detailed
joint spatial, polarization, and temporal GNSS multipath model and the
corresponding off-grid sparse multi-dimensional model are described.

1 Off-grid effects refer to the phenomenon that the true estimates are not
on the discretized sampling grid yielding the on-grid operation a critical factor
in introducing the residual bias intrinsically.
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Fig. 1. The received signal by dual-polarization antenna.

In Section 3, we derive the proposed JAPDE-MSBL method for off-grid
estimation and the CRLB under the assumption of unknown polar-
ization information. Section 4 evaluates simulation results related to
the spectra, convergence, and RMSEs in several multipath scenarios.
Finally, Section 5 concludes this paper.

Notations: Matrices are denoted by capital letters in boldface
(e.g., A), and vectors are denoted by lowercase letters in boldface
(e.g., a). CM*N denotes the set of M x N matrices with the entries
being complex numbers. I, € CNV*N denotes an identity matrix. E { -}
denotes the expectation operation. CN (u, X) denotes the complex
Gaussian distribution with the mean being u and the covariance matrix
being Z. ||-lp, ®, ©, O, tr { -}, vec{-}, diag{-}, ()", ()T, () denote
the Frobenius norm, Kronecker product, Hadamard product, Khatri—
Rao product [38], trace, vectorization, diagonalization, the inversion,
matrix transpose and Hermitian transpose, respectively.

2. Signal model

In this section, we begin by introducing the GNSS multipath signals
received via DPA. Subsequently, the joint spatial, polarization, and tem-
poral signal model is derived. Additionally, we propose a sparse joint
off-grid spatial, polarization, and temporal signal model appropriate for
MSBL.

2.1. GNSS multipath signal received by DPA

We consider an My-element DPA with 2M, channel GNSS receiver
radio frequency front-ends (M,-element RHCP and M,-element LHCP
antenna), which receives one RHCP LOSS and K RHCP and LHCP
multipath signals.

As Fig. 1 shows, the complex baseband signal y () € C*Mex! received
by DPA can be expressed as

K
_ xR ()
yn=7y [m o

k=0

+e(, @

where xg, (f) € CMox! denotes the kth signal referring to the output of
RHCP antenna and x; ; () € CM#*! denotes the kth signal referring to
the output of LHCP antenna. The subindex k = 0 represents the LOSS
and the subindex k = 1, ..., K represents the kth multipath signal. The
parts xp () and x; , (t) can be respectively formulated as

Xk (1) = Xge i (1) + Xpye s (D)
= eArk@re (0c) € (1 = 70) + viApsapy (6c) ¢ (1= 7).
Xp k()= Xpy e O+ Xpe ) () (2b)
= nerra@ry (0k) € (1= 70) + veApare (i) ¢ (1= 1) -
where xp , () is RHCP component, comprised of the kth co-polar signal

X ek (1) and the kth cross-polar signal xy, , (t). Xz, (t) denotes the part
which reflects cross-talk from LHCP wave to RHCP antenna output.

(2a)
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Similarly, x; , (¢) is LHCP component, consists of the kth co-polar signal
x;. (1) and the kth cross-polar signal x, , , (1). x;, , (t) denotes the part
which reflects cross-talk from RHCP wave to LHCP antenna output.
The right and left co-polar steering vectors and the cross-polar steering
vectors of the kth signal are respectively denoted as ag, (6;) . a;. (6;) €
CMex! and ag, (6;).a;, (6;) € CMeX! as a function of the angle
0,. The kth signal has a complex amplitude of y,. The right and left
reflection coefficients denoted as Ap, and 4;, [23,39], expressing
relative amplitudes and phase shifts to RHCP and LHCP incident waves,
and these reflection coefficients satisfies |1 R’k|2 +|4 L’k|2 = 1. The LOSS
mainly affects the RHCP component [9], so its reflection coefficients
are assumed to be Az, = 1 and 4, , = 0. The kth signal has a known
code ¢ () and an unknown time delay 7,, which is denoted by ¢ (1 — 7, ).
The random noise e(r) is modeled as independent and identically
distributed complex white Gaussian noise with unity variance, and it
is uncorrelated in space and time. It is assumed that the number of
signals, K, is known and can be determined using methods such as the
Akaike information criterion [40] or the minimum description length
criterion [41].

2.2. Joint spatial, polarization, and temporal GNSS multipath signal model

Collecting N code periods and each code has L samples. The nth
period of spatial observation, noise observation, and the shifted code
can be expressed as

Y, =[y((n=DL+DT,),....y ((n—DL+L)T,)], 3)
E,m=[e((n-DL+DT,),....e((n— DL+ LDT,)], (@)
c(‘rk) = [c (Ts—rk),...,c(LTs—rk)]T, 5)

where T, is the sample interval and / = 1,...,L, n = 1,..., N, and
Y, E, € CMoXL, ¢ (7,) e CLXL,
Representing the signal model (3) in a matrix form, it can be

described as

Y, (n)=A, (0)diag (1) I,diag (y) C; (1) + Ej (n), (6)
where A,(0) = [A,o(00)..... A,k (k)] € CMoAKHD with
ag. (0 ag, (6; T

= 2Mpx2 —

A (00) |:aU (6r) ar. (6;) < c ¢ o.61:.... O] ..
The reflection coefficients vector and the amplitude vector are 1 =
[AR,O,ALO,...,iR,K,&L’K]T and y = [yo,yl,..‘,yK]T, respectively. The
transition matrix I, € CXK+Dx(K+D jg a connection between two
vectors defined as I, = Iy, ® [, 1]7. The code waveform matrix is
C,(r)= [c (TO) ., C (TK)]T € CK+DXL with 7 = [‘L’O,Tl, ,TK]T.

In order to exploit the spreading gain and reduce the computational
complexity, the temporal filtering matrix B = [c (71).....c ('EM,)] €
CIXM: can be applied on Y, (n) [18]. This filtering uses a uniformly
distributed time delay set 7 = |7, ... .7y, | that covers the region of
the main peak of its auto-correlation function and satisfies M, <« L. By
vectorizing the temporally filtered signals, we have

¥y, (n) = vec (BH . YZ ()

)]
= (A, O ® RT (1.7)) y, +e,(n).

The (k,m,)th element of R(r,7) € CK+DXM: jg r(Tk’f'm,) = T ()
c* (fm1> where k =0,...,Kand m, = 1, ..., M. The complex amplitude
vector y, is defined as y, = vec (diag(y) I} diag(d)) € C2K+1?xI
including the effect of the amplitudes and reflection coefficients. For
the sake of simplicity, we define the non-zero elements in vector y,

as the polarization information. The beamformed Gaussian noise is
denoted as e, (n) = vec (B¥ - E] (n)).
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2.3. Joint off-grid sparse spatial, polarization, and temporal GNSS signal
model

To exploit the sparsity in spatial, polarization, and temporal do-
mains, we model y, (n) with sparse representation. The spatially uni-
formly fixed sampling grid points set is 8 = [91, Oy 9] with fixed
angle interval r,. Similarly, the temporally uniformly fixed sampling
grid points set is ¥ = [%,, ,%NT] with fixed delay interval r, and
covering the range of 7. Following this fact, we can construct an on-grid
angle-polarization-delay over-complete basis matrix

DP=AQC, (8)

with A = [AM’] (6))..... Ay k (éNg)] € C*My*2Np being a sparse
spatial and polarization over-complete basis matrix and C € CM-*N:
is composed with the following (m;,m,)th element c, (fm,’fn,) =
cH (r) c (f,,,{) withm, = 1,....M,, n, = 1,....N,.

For better clarity, we present the specific diagram of @ in Fig. 2.
This joint sparse spatial, polarization, and temporal basis matrix is
denoted as @ € C2MoM:X2NoN: and is composed of N, blocks, such
as b, each with a size of 2M,M, x 2N,. Each block is formed by
taking the Kronecker product of A and the n,th column of C, as
illustrated in the leftmost. For instance, the n_ th block b, (shown in
the middle) is comprised of two parts that respectively represent the
RHCP and LHCP antenna received signals. Each part is made up of
N, blocks with dimensions MyM_ x 2 which are referred to as b,.
These blocks are created by taking the Kronecker product of A, (éng
and the n,th column of C. To illustrate further, the nyth block b,
(depicted in the rightmost) can be divided into two parts: the left side
with a darker color represents the co-polar component of RHCP signal,
which is the Kronecker product of ag, (5,, , ) and the n th column of

C, while the right side with a lighter color represents the cross-polar

component of LHCP signal, which is the Kronecker product of ap, (6’"0
and the n,th column of C. To overcome off-grid effects and improve
estimation accuracy, off-grid estimations are conducted in both the

spatial-polarization domain and temporal domain.
T
We assume an off-grid angle vector B, = [ﬂl, ,/INH] , where
By, = 0x—8,, for ng = 1,..., Ny, with §, being the nearest grid point to
the kth signal. Since the angles are the same for the LHCP component
and RHCP component of a given signal, we can integrate the off-grid

angle-polarization vector as f, = By, ® [1,1]. Similarly, we design an
T
off-grid delay vector B, = [ﬁl,A..,ﬂNT] , where g, = 7, — %, for

n.=1,...,N,, with 7, being the nearest grid point to the kth signal.
Thus, an off-grid angle-polarization-delay over-complete basis matrix
can be constructed,

Qﬁ = ¢ﬁ9 ®¢ﬂ,
= (A+Bjdiag (85)) ® (C + B,diag (B,)).

where B, € C?Mo*2Ny stands for the first order Taylor series expansion

9

derivation of A with respect to éng, and it is composed of by (éne)

oAy« (8,
o 0y ) k=0,..K, n = 1,...N,. Similarly,

where b, (5,,5) = —,
o

B, € CM:-XN: denotes the first order Taylor series expansion derivation

of C with respect to 7, , and it is composed of b(fmf,f-,,r) where

b(fmf,fn) = e = L My = 1N

Now, let Y r= [yS(l),...,yS(N)] €
[e, (D), ....e (N)] € C*MoM:xN | then we have a joint off-grid angle-
polarization-delay estimation sparse multiple snapshots model. This
model is given by

C2MoMxN | =

Y =®;X +E, (10)
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where the complex source amplitudes matrix is X =
[x,(D),...,x, (N)] € C*NoNexN s row-sparse, i.e., every column is
sparse and shares the same support. Each column x, € C2NoN:xl
provides information about joint spatial, RHCP, and temporal spectrum
in its odd elements, and joint spatial, LHCP, and temporal spectrum in
its even elements.

3. Joint off-grid angle, polarization and delay estimation based on
MSBL

To implement the estimation of time delay of LOS signal in mul-
tipath environments, we propose an MSBL-based multi-dimensional
estimator (referred to as JAPDE-MSBL), which utilizes the spatial and
temporal sparsities and polarization characteristics. The detailed intro-
duction of the algorithm and the analysis of the CRLB will be provided
in the following subsections.

3.1. JAPDE-MSBL algorithm

To achieve accurate estimates of angles and time delays in multipath
environments, we need to carry out the following two main steps in
JAPDE-MSBL: Firstly, the on-grid estimates of the angles and time
delays are primarily determined by the spatial-polarization-temporal
dependent variance « and the noise variance 4,. By estimating these
two parameters, we obtain the on-grid estimate results, which is a
primary challenge. Secondly, to address the off-grid effect, it is necessary
to determine the off-grid angle-polarization vector 8, and the off-grid
time delay vector B, to acquire the off-grid angles and time delay
estimates, which constitutes the second challenge in JAPDE-MSBL.

A graphical representation of the dependence relation between the
different signals and parameters is shown in Fig. 3. Specifically, the
prior distribution of the unknown parameter A, is parameterized by
some constants a, and b, which typically receive the name of hyperpa-
rameters in [42]. Likewise, the prior distribution of a depends on the
hyperparameter p, and similarly for 8, and g,, which are determined by
the hyperparameters r, and r,, respectively. Finally, the received signal
Y determined by the complex amplitudes X and the rest of signal and
noise parameters.

3.1.1. Sparse Bayesian formulation

(1) Noise Model: Assuming elements in the white noise vector are
independent and each has a Gaussian distribution, we have

p(E

B
n=1

To simplify the following analysis, we define the precision 4, = 5;2.

A Gamma distribution is used to describe the inverse of noise variance

p(Aa.b)=T(4,|ab), 12

where I'(A,|a,b) =[I' (@] 5729~ e~ with the Gamma function
I'(a) = [;° x*"'e™*dx. The hyperparameters a and b take small values
to create of broad prior for 4,, as in [42].

Then, the data likelihood for the complex amplitudes matrix X
given the observation Y is complex Gaussian

N
p(Y|X, 4 B:.B9) = HCN (ys (n ‘45/? xs(n) . 1;1121\49,1\4,) - a3
n=1

(2) Sparse Signal Model: To provide a sparse prior for the sparse
signal X of interest, a two-stage hierarchical prior is adopted for X
to introduce a Laplace prior for both real and imaginary parts of
X [37,43]. As all the columns of X are independent among snapshots
and share the same prior, the prior of X is given by

N
p(X|a)=]CN (x,m)

n=1

0.Y), 14)
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Fig. 2. Diagram of a joint sparse spatial, polarization, and temporal over-complete basis matrix.
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()
& @ & &

a b P t v,

Fig. 3. Graphical model of JAPDE-MSBL (the parameters and signals are represented
with circles, and the hyperparameters with rectangles).

where the spatial-polarization-temporal dependent variance a =
T

ay, .., 0N, Nr] controls the row sparsity of X and ¥ = diag(a).
Further, a Gamma hyperprior is considered over «

NoN,
pap= ] r(a(n)|Le).

ng:I
with the hyperparameter p being a small positive constraint [37]. The
prior defined by the Egs. (14) and (15) implies that both real and
imaginary parts of X are Laplace distributed with the same probability
density function, which is strongly peaked at the origin [43]. Hence,
the hierarchical prior favors most entries of X being zeros.

(15)

(3) Off-Grid Distance Model: For off-grid spatial-polarization vector
By and temporal vector f,, a non-informative uniform prior is used

p(Brir:) =U (—l’ lrr),

3o 5 (16a)

p(ﬂg;rg) =U<—%r9,%r9), (16b)

1
J—— < <
-, c¢<x d

where U ([c,d]) = } The angle and time delay

0, otherwise
intervals are defined as r, and r,, respectively.

To find the estimates of angle, polarization, and time delay, we
combine the stages of the hierarchical Bayesian model, thus the joint
distribution of X for all parameters is obtained

(XY, Ao, B By) =p (Y |X, Ayt B By ) p(X| @) p(@)p(4,)
x p(B.)p(Bs)-

where the distributions p (Y |X, 4,.a.8,.B¢), p(X|a), p(a), p(B.),
and p (B,) defined by (13), (14), (15), (16a), and (16b), respectively.

a7

3.1.2. Bayesian inference
Using the Bayes rule, we obtain the posterior for X

Y. X, A8, Y|X,Ay.0.B9.8:)p(X
p(XlYJ,,,a,ﬁg,ﬁf) _n( @.B:.B9) _ p(YI a.B9.B.)p( X|a) (18)

= p(Y.4y.@.B:.B0) (Y| 2y.2.B9.8;) ’
As p (Y|4, a, By, B.) is irrelevant to X, the posterior distribution of X
can be simplified as
p(XIY, Ay, By, B.) < p (Y| X, Ay @ g, B.) p(X| @),

where p (Y| X, A,.a, By, B,) and p(X|a) can be calculated in (13) and
(14), respectively, and they are both Gaussian distributions. Therefore,
the posterior distribution of X follows the Gaussian function

19

p(X|Y, A, By B,)=CN(uZX)), (20)
with the mean value
Hm) =4, 2@}y, (), 1)
and the covariance matrix
-1
H -1
2= (4ol +Y") (22)
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When calculating p and X, we need to estimate the noise variance
A,, the spatial-polarization-temporal dependent variance «, the off-
grid angle vector f,, and the off-grid delay vector g.. To address
the estimates of these hyperparameters, we employ the Expectation—
Maximization (EM) method [44] to implement JAPDE-MSBL, treating
X as a hidden variable, and maximizing the expectation with re-
spect to the joint distribution E {logp (X,Y, A,.a,By.B.)}. Following
a similar procedure as in [42] by denoting U = [u(1),...,u(N)], it
is easy to obtain the following updates of @ and 4, by maximizing
E {logp(X |a)p(a)} and E {logp (Y |X. A, @ Bg, B ) P (4,) }

v (ol } -

a(n,) = 2 , (23)

2MyM_-N +a—-1
by = LA @24)

E{”Y—dﬁ(ﬂ,)X“i}~N+b’

where E{”X (ng» )Hz} =
2NgN,

E{|Y -®X|}.} = |[Y-®U|} +a(n) X" "¢ (n,) with ¢ (n,) =
1—a! (ng) p) (ng,ng), ny = 1,...,2NyN,.

|0 () + Z(nm,) and

3.1.3. Off-grid estimation
Referring to the off-grid vectors g, and ., we respectively max-

imize E {logp (Y |X.A,.Bp.B.)p(By)} and E{logp (Y |X.4,.Bp.B.)
p(B.)} in (17). After lengthy but straightforward calculations in Ap-

pendix A, we have

Bop=arg  min  {BT PP, —20] By}, (25a)
Bo< —%’9,%@
B, =arg  min 1 {BTP.B.—207B.}, (25b)

1
Bi€|-5r057

where P, and P, are positive semi-definite matrices

N
1 —H —
szm{ﬁ 259:9}

eI o (20 (B,80,)" (B,©8,)) Toynan, | (260)

on {422 oo, o)
-R { {diag ((Be ® éﬂ,)H (A ® @ﬂ,) E> }TJzNgN,,N, } .

(26b)

{J;N{,NTXNT <2 o (‘i)ﬂg ® BT)H (djﬂg ® BT)) JZNQNPNT } 5
(27a)

1 - H 4
. m{p A {(y = (B, ®C) uin) :}}
T
(é}ﬂe ® BT)H (@ﬁe ® C) 2) }TJZNeNpr} ’

(27b)

with 5, = (Bg ®IM,) (12,\,9 ® <¢ﬁryM (n)))J(ZNe)zYZNe, E, =
((®poire @) @ Ty, ) (In, ® B ) Iz - a0 € CNNe is a re-
shaped matrix of u(n). The specific definitions are listed below:

|
3
—
—~
&
da
—
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Jongn.on, = In.1 ® Iongs Jongn.on, = Long1 @ Ion s T 2 =
oNz.2Ng T [ 0Nz 2N7 [ T (2Ny)" 2N,

Iy,oIy,, and J(Nf)zva =Iy Oly.

In summary, JAPDE-MSBL is concluded in Algorithm 1.

Algorithm 1 JAPDE-MSBL algorithm based on DPA

1: Input Vectored signal Y, on-grid angle-polarization and time delay
over-complete basis matrices A and C, first-order derivation of
angle-polarization and time delay over-complete basis matrices B,
and B,, and the number of signals K

2: Initialization A, = 100/var (Y}, By =0, and g, =0

: While convergence when meets ¢,;, or maximum iteration do

4: Calculate X, y and @, using the values of the hyperparameters
according to (22), (21) and (9), respectively;

5: Find K + 1 largest peaks in amplitudes a, and calculate
the corresponding angle-polarization and delay on-grid numbers,
respectively;

6: Update g,, B, according to (9), (25a), (26a), (27a) and (25b),
(26b), (27b), respectively;

Calculate the error € =

8: End while

9: Output The spatial-polarization-temporal amplitudes a and off-grid
time delay vector f,. The estimated time delay of LOSS is obtained
from the position of peak in « and the corresponding position in g,

w

”anew_aold”2

llaold],

3.1.4. Differences between JAPDE-MSBL and JADE-MSBL in [18]

Our previous work JADE-MSBL in [18] and the JAPDE-MSBL pro-
posed in this paper build on the idea of joint multi-dimensional mul-
tipath mitigation, aiming at providing precise pseudorange results for
GNSS.

However, we introduce the additional polarization dimension to
JAPDE-MSBL. This additional polarization information helps to con-
struct the spatial-temporal-polarization waveforms of the LOS and
multipath signals and therefore addresses the multipath mitigation
even in highly spatially or temporally correlated situations. It is worth
noting that JAPDE-MSBL differs from JADE-MSBL in the following
aspects. First, we establish the joint angle, polarization, and time delay
estimation signal model (Eq. (7)) and the sparse spatial-polarization-
temporal signal model (Eq. (10)) in JAPDE-MSBL, providing a robust
foundation for MSBL processing. Second, JAPDE-MSBL assumes that
the prior distribution of the source amplitude vector X follows spatial-
polarization-temporal dependent variance a, to control the row sparsity
of X. By estimating this variance through an MSBL-based algorithm, the
specific design allows to characterize the appearance of each signal in
the three dimensions of space, polarization, and time delay. While for
JADE-MSBL, recognizing signals in multi-dimension may be difficult.
Third, to acquire the refined angles and time delays consist of two
estimates: the updated off-grid angle-polarization vector f, and g,. The
construction of sparse off-grid angle-polarization-delay over-complete
basis matrix D, in Eq. (9) and the derivations in 3.1.3 opens a door for
addressing the off-grid effect problem iteratively that is not included
in [18].

3.2. Cramér-Rao lower bound of DPA

To facilitate comparison, we derive the CRLB under the circum-
stance of DPA in this subsection as a theoretical reference. The CRLB
for the time delay is

CRLB™! (r) =Re {W,} —Re {WIW'W}
+(Re{W} @-Re (WEW'W,}) (28)
X (Re {WHW'Ws} —Re{Ws}).

where the definitions of W, W3, W,, W5, W, Q, and the detailed
derivations can be found in Appendix B.
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4. Numerical simulations

This section focuses on evaluating several methods, including (1)
the proposed JAPDE-MSBL with M,-element DPA (M-DPA) (joint spa-
tial, polarization, and temporal domain processing), (2) JADE-MSBL
[18] with My-element single-polarization antenna (M-SPA) and 2M,-
element SPA (2M-SPA) (joint spatial and temporal domain processing),
(3) MSBL [29] with 2M-SPA (spatial processing). In addition to these
methods, we also compare the spectra of the spatial smoothing MUSIC
(SS-MUSIC) [45] with 2M-SPA. It is noteworthy that “M-DPA” refers
to the Mj,-element RHCP antenna combined with M,-element LHCP
antenna, and “M-SPA” refers to M,-element RHCP antenna. We assume
a uniform linear array with the half wavelength spacing antenna and
M, = 4 for both SPA and DPA. The SPA has the same information on
angles and polarization as the DPA, but uses only the RHCP channels
for calculation.

One LOSS and two multipath signals utmost are assumed in the
simulations. These signals are in phase arg (Vk) =0, k=0,1,2, and the
direct-to-multipath ratio is |yy|/|y;| = 3 dB, k = 1,2. All the simulations
use C/N, = 45 dB-Hz. For the known code ¢ (), we consider the GPS
C/A code with code period T = 1 ms, 1023 chips per code period each
with a chip duration T, = 977.52 ns and N = 20 ms code periods in
total. We assume the set of uniformly distributed delays 7 that ranges
from —0.5T, to 0.87, with delay interval 0.17,, i.e., M, = 14.

Various materials of the reflecting objects are known to affect the
multipath reflection coefficients. For the sake of convenience, we define
the dual-polarigation2 gain (DPG) [13] of the kth multipath signal as
DPG, = —“R'leJ'lrz“‘l , k = 1,2. We assume that for both multipath

R.k

signals the LHCP component is as strong as the RHCP component,
i.e., DPG, = 2, k = 1,2. As for the reflection coefficients, the phases
are set arg(dg;) = 0, k = 1,2 and arg(A;,) = 05z, k = 1,2
for multipath signals. Considering mutual coupling effects of DPA, we
model this effect as ag, (6;) = a;. (6;) = a(6;), ag, (6;) = xra (6;),
and a;, (6;) = x a(6,) where a (6,) is the steering vector of an M-
element antenna. The cross-talk parameters k = x;, = —10 dB are
chosen for each signal.

For MSBL, the scanning angle grid is uniformly distributed in the
range from —90° to 90° with angle interval of r, = 2° between
adjacent grid points. Likewise, we adopt a uniform scanning delay grid
range covering the 7, with delay interval r, = 0.057,. In addition, the
hyperparameters p = 0.01 and @ = b = le™* are set. The convergence
condition is satisfied with ¢,,, = —30 dB or the iterative number
exceeding 1000. The RMSE of time delay for LOS signal, which is
averaged over N, = 100 Monte Carlo realizations for each multipath
angle, delay, the element of antenna or DPG point, and the RMSE is

defined as RMSE (z) = NL, Z’:l (70— 10)2.

4.1. Spectra comparisons

In this section, we show the spatial spectra and the joint spatial and
temporal spectra of several methods. For the JAPDE-MSBL, the RHCP
part of the spectrum is used for comparison with the other methods. We
consider three highly spatially and temporally correlated signals with
time delays 7, = 0, r; = 0.25T,, 7, = 0.3T, from directions specified by
the angles 6, = 0°, 6, =9°, 6, = 6°.

We compare SS-MUSIC and MSBL methods using spatial domain in
Fig. 4. SS-MUSIC fails to identify the signals due to a lack of spatial
degrees of freedom, while MSBL only provides an approximate outline,
deviating from the true values. These findings highlight the need for
joint multiple dimensions to identify signals accurately.

In Fig. 5, we compare the spectrum of JAPDE-MSBL with that of
JADE-MSBL with M,- and 2M,-element antennas. The JADE-MSBL
spectrum using 2M-SPA is significantly sharper, while using M-SPA
makes it more challenging to separate the signals. However, JAPDE-
MSBL exhibits peaks that are much closer to the true values, confirming
the effectiveness of joint spatial, polarization, and temporal processing
for highly correlated signals.
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Fig. 5. Spatial-Temporal spectra of multi-dimensional processing.

4.2. Convergence and complexity analysis

The three MSBL-based methods studied in this paper utilize the
EM method for updating the iterative parameters of a in (21) and
A, in (20). However, this only guarantees convergence to a local
optimum of the marginal log-likelihood. Guarantees for convergence
can be provided under condition (aa"ew (ng)/oa (ng)’ < 1, but is hard
to prove analytically [46]. Simulation results in Fig. 6 demonstrate
that all update rules (MSBL with 2M-SPA, JADE-MSBL with 2M-SPA,
and JAPDE-MSBL) converge. JAPDE-MSBL exhibits slower convergence
than JADE-MSBL and MSBL to ¢,,;, = —60 dB where the methods stop,
see Fig. 6. Considering the setting of ¢, is —30 dB in the rest cases, a
relatively low number of iterations no more than 50 suffices.

The implementation principles of the three MSBL-based algorithms
are similar, and the most computational step is the inverse operation
of the covariance matrix. This is similar to the process in Eq. (22),
with a complexity of O (I L (Nu,,)3). However, due to the use of
different types of information, the complexities of three algorithms
include different terms denoted as N, in each algorithm. Specifically,
N, is denoted as N, for MSBL, NyN, for JADE-MSBL, and 2Ny, N,
for JAPDE-MSBL. The required number of iterations for each algorithm
is denoted as I;, which can be found in Fig. 6. Generally, the MSBL,
JADE-MSBL, and JAPDE-MSBL algorithms require at least 20, 25, and
40 iterations, respectively. With equivalent signal correlation and spar-
sity of the grid partition in space and time, JAPDE-MSBL exhibits
relatively higher complexity compared to JADE-MSBL by a factor of
approximately 3.2, and around 8 times higher than MSBL. To pick an
appropriate algorithm combating the multipath, the trade-off between
the complexity and performance needs to be carefully evaluated.
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Fig. 7. RMSEs of LOSS time delay as a function of the multipath angle in case of low temporally correlated signals (left panel) and highly temporally correlated signals (right

panel).
4.3. RMSEs as a function of multipath angle

In this section, we examine the RMSEs of LOSS time delay as
a function of the angle separation between the LOSS and the first
multipath signal. We present two cases: Case A with one LOSS and one
multipath signal; Case B with one LOSS and two multipaths signals. The
angle separation is denoted as |0, — 6|, ranging from 0° to 30°.

4.3.1. Case A: RMSEs as a function of multipath angle with two signals

To comprehensively demonstrate the performance via varied multi-
path angles, low temporally correlated signals and highly temporally
correlated signals are assumed. We set the time delays of the LOSS
and multipath signal as 0,0.17, and 0,0.5T,, respectively, for the two
scenarios mentioned above.

The RMSE of MSBL with 2M-SPA, as detailed in Fig. 7, generally
matches that of JADE-MSBL with 2M-SPA for most angle separations,
but there is a noticeable decrease at small angle separations. For low
temporally correlated signals, JAPDE-MSBL with M-DPA tends to align
with JADE-MSBL with M-SPA, while for highly temporally correlated
signals, JADE-MSBL with 2M-SPA outperforms, although it does not
meet the CRLB. Interestingly, MSBL with 2M-SPA performs well for
low angles similar to JAPDE-MSBL with M-DPA, and for large angles
similar to JADE-MSBL with M-SPA. It is worth noting that JAPDE-MSBL

with M-DPA performs significantly better than other methods for angles
ranging from 0° to 5°, attributed to its use of polarization information.

4.3.2. Case B: RMSEs as a function of multipath angle with three signals

In Case B, we consider three highly spatially and temporally corre-
lated signals. The time delays of the LOSS and two multipath signals
are defined as 7, = 0, r; = 0.25T,, and 7, = 0.3T,, respectively. The
directions specified by the angles of the LOSS and the second multipath
signal are defined as 6§, = 0° and 6, = 6°.

In the scenario where three signals exhibit high correlations in space
and time, JADE-MSBL with M-SPA results in limited improvement, ob-
servable only for large angle separations (see in Fig. 8). Similarly, using
2M-SPA leads to unsatisfactory resolution for multipath between 0° to
12° for both MSBL and JADE-MSBL. However, joint processing of space,
time, and polarization demonstrates superior performance. Specifically,
JAPDE-MSBL significantly improves under highly correlated scenarios
and yields results closer to the CRLB.

4.4. RMSE;s as a function of multipath delay
This subsection moves on to describe in more detailed RMSEs

varying from delay separation between the LOSS and the first multipath
signal. Two cases are further presented: Case C with one LOSS and one
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Fig. 8. RMSEs of LOSS time delay as a function of the multipath angle.

multipath signal; Case D with one LOSS and two multipath signals. The
delay separation is denoted as |z, — 7|, ranging from 0 to 0.6T,.

4.4.1. Case C: RMSEs as a function of multipath delay with two signals

Similarly, highly spatially and low spatially correlated signals are
conducted to investigate different scenarios. We set the time delays of
the LOSS and multipath signal for above two scenarios as 0°, 30° and
0°, 3°, respectively.

Consistent with the analysis in Case 4.3.1, it is evident that spa-
tial beamforming MSBL demonstrates a significant sensitivity to angle
separations. When the angle separation becomes small, MSBL fails
to resolve two spatially correlated signals, see in the right panel of
Fig. 9. When signals exhibit low spatial correlation, as depicted in large
angles in Fig. 7 and the left panel of Fig. 9, JADE-MSBL with 2M-SPA
outperforms. Similarly, in the case where signals are low in temporal
correlation, as evident from the left panel of Fig. 7 and the large delays
in Fig. 9, JADE-MSBL performs better than other algorithms. This is due
to its ability to incorporate spatial and temporal information, as well
as utilizing 2M,, array elements. Balancing complexity and performance
in algorithm selection, JADE-MSBL is a reliable choice when spatial or
temporal correlation is low. However, when both dimensions exhibit
high correlations, JAPDE-MSBL with M-DPA outperforms MSBL and
JADE-MSBL with 2M-SPA, thanks to its utilization of multi-dimensional
information, especially in the region [0,0.3T,].

4.4.2. Case D: RMSEs as a function of multipath delay with three signals

In Case D, we set three highly spatially and temporally correlated
signals. The angles of the LOSS and the two multipath signal are defined
as 6, = 0° 6, = 9°, and 0, = 6°, respectively. The time delays of
the LOSS and the second multipath signal are denoted as 7, = 0 and
7, = 0.3T..

As shown in Fig. 10, it is evident that three signals have strong
spatial and temporal correlations within the region [0.23T,,0.48T,].
The use of MSBL, JADE-MSBL with 2M-SPA, and JADE-MSBL with
M-SPA does not appear to effectively address the issue of multipath
in this region. Conversely, JAPDE-MSBL performs remarkably well, as
demonstrated by the results.

4.5. RMSEs as a function of M,

Three highly spatially and temporally correlated signals are consid-
ered. The assigned values for delays and angles remain consistent with
those stated in Section 4.1.

Fig. 11 illustrates the performance of LOS time delay with respect
to the number of antenna elements. An increased size of the antenna
offers more spatial degrees of freedom, resulting in better mitigation of
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multipath effects for both DPA and SPA. In general, CRLB with 2M-SPA
outperforms CRLB with M-DPA (e.g., see the RMSE of M-SPA at M,, = 8
and the RMSE of M-DPA at M, = 4). Thus, it is theoretically better to
use ‘twice’ the number of SPA elements than using the same number
of DPA. However, in such a highly correlated signals scenario, JAPDE-
MSBL with M-DPA shows comparable or even superior performance
compared to JADE-MSBL with 2M-SPA.

4.6. RMSE;s as a function of DPG

Likewise, the settings for time delays and angles here are the same
as in Section 4.1.

Fig. 12 displays the RMSEs of LOSS time delay estimation for vari-
ous DPG values. In particular, we focus on DPG, of the first multipath
signal, which ranges from 1.125 to 3, gradually transitioning from
a weak to a strong LHCP multipath signal. For small DPG values
where a strong RHCP component dominates the multipath signal, all
methods experience performance degradation except for JAPDE-MSBL.
JAPDE-MSBL, on the other hand, accounts for both RHCP and LHCP
components. The incorporation of LHCP component can aid JAPDE-
MSBL in effectively mitigating multipath, leading to a favorable effect
on LOSS estimation.

5. Conclusion

The multipath mitigation in presence of highly spatially and tempo-
rally correlated signals has been addressed in this paper. We propose a
joint angle, polarization, and time delay estimation based on the MSBL
method by systematically exploiting the sparsity in spatial and temporal
domains and characteristics in polarization domain. The off-grid angle
and delay estimation have also been considered concurrently, aiming
at accuracy enhancement. The improvement in terms of estimation of
LOSS and the ability to distinguish multipath signals are thoroughly
verified by simulations showing the spectra and the time delay RMSEs
as a function of the varied multipath time delay, angle, number of
antenna elements, and the gain of DPA. Numerical results show that
the proposed method JAPDE-MSBL with M-DPA has superiority in re-
spect to multipath mitigation in high spatial and temporal correlations
between the LOSS and the multipath signals, as compared with the
existing JADE-MSBL with 2M-SPA and M-SPA, MSBL with 2M-SPA.
Should an opportunity arise, we intend to employ real-world data in
the future to validate the efficacy of the proposed JAPDE-MSBL in GNSS
positioning.
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Appendix A. Derivations of Eq. (23)

To obtain the off-grid vector f,, the following likelihood function
can be derived by maximizing the pf, dependent part
E{logp (Y |X, 4. . B..By) p(Bs)} (the sampling point is omitted for
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Fig. 12. RMSEs of LOSS time delay as a function of DPG value.
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where C; is constant term independent of f.

Similar to the derivation deduced in [18], we calculate (29) through
the following two groups of equalities (since the estimation with respect
to off-grid time delay vector g, is similar to that of §,, we hereafter put
a short derivation of g, for simplicity)

2
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and Therefore, the CRLB for the signal parameters is the inverse of the
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where C, and Cj; are the parts irrelevant to g,. Eq. (31) can be obtained
by the following two group of parts:
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Based on the above derivations, the results (25) and (26) of (27) are
deduced.

Appendix B. Cramér-Rao bound of DPA

We derive the CRLB under the circumstance of unknown polar-
ization information. Rearrange the dual-polarization signal model (6),

Y,m=A,0)VCy(r)+ Ey,(n), (34)

where V € C2>K+DX(K+D s defined as V' = diag () I, diag (y) which
contains complex amplitude and reflection coefficient (polarization
information) elements v = [vg o, U7 . ..., Ug - UL’K]T with vg, = 7 Ars
and vy, = yAr,. We also define the signal parameters as n =
[Re@)”, Im@)", 67, ¢T|"

According to the definition of the Fisher Information Matrix (FIM),
the i, jth element of FIM, which is the inverse of the CRLB matrix, is

02 Inp (Yb, 11) }

(36)
on;on;

[FIM(m)];; = —-E {

11

corresponding block of the FIM, which is partitioned as follows

Re{W,} -Im{W,} Re{W;} Re{W,}

FIM (1) = m{Wl}T RG{WI}T Im{W,}  Im{Ws} € COK+DX6(K+1)
Re{W;}  Im{W;} Re{W,} Re{W,}
Re{Ws}  Im{W,}" Re(W,)" Re{w,)

37

After straightforward but lengthy calculations, similar to the deriva-
tions in [47], we get

W, = (% (AT A,) © ((CLCT) @ [e, e])] € CHK+DAKLD, (38a)
n
Wy =2 [(c;c) o ((Dy¥)" (DyV))] € cikrvmeksn (38b)
2= 62 b= b [ 0 4
n
W= 2 {(A'DyV) 0 ((C;CT) @)} € oKk, (380)
n
W, = (% {(vialiaV) o (D, DI} e ctkxsn, (38d)
n
Ws=Z (Al 4,V) 0 ((C;DT) ® €)} € CHNKLD, (38¢)
n
Wo= 2 (VDI aV) o (C;Cl)} e ckemke, (38
n
where e = [,11". We also have D, =
dago(8p) dao(6o) dag k (0k) 0'1L.1<(91<)] 2Myx2(K+1) _
[ 00, > a0, T 0, 90k € ¢ and D, =
[af(fo) G9) e CK+DxL
) e dtg )

Based on the properties valid for non-singular matrices, the CRLB
for the time delays is the trailing block of the inverse of FIM (). Via
the formula of the inverse of a partitioned matrix, this CRLB can be
expressed as

CRLB™! (r) = Re {W,} — [Re{WS}T Im{ws}" Re{W()}T]
Re{Ws}
x I |Im{Ws} |, (39)
Re {Wﬁ}
and IT can be simplified using the formula of the partitioned matrix in-
verse again (see the equation in Box 1), with @ =
[Re Wi m Wi e o = {Re {W,} —Re
Im{Wi'}  Re{wi'}
(wiwiwsy)”

Substituting (35) into (39), we further simplify the CRLB™! (7),

=Re{W,} —Re{WIW W} +
(Re{We) @—Re (WiW W3))
x (Re (WHWTIWs) ~Re (W)

CRLB™! (z)
(40)
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