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Abstract—Distributed massive multiple-input multiple-output
networks utilize a large number of distributed access points
(APs) to serve multiple user equipments (UEs), offering significant
potential for both communication and localization. However, these
networks require frequent phase and time calibration between
distributed antennas due to oscillator phase drifts, crucial for
reciprocity-based coherent beamforming and accurate localization.
While this calibration is typically performed through bi-directional
measurements between antennas, it can be simplified to uni-
directional measurement under perfect knowledge of antenna lo-
cations. This paper extends a recent phase calibration narrowband
line-of-sight (LoS) model to a phase and time calibration wideband
orthogonal frequency division multiplexing model, including both
LoS and reflection paths and allowing for joint phase and time
calibrations. We explore different scenarios, considering whether
or not prior knowledge of antenna locations and the map is avail-
able. For each case, we introduce a practical maximum likelihood
estimator and conduct Cramér-Rao lower bound (CRLB) analyses
to benchmark performance. Simulations validate our estimators
against the CRLB in these scenarios.

Index Terms—Time Calibration, phase calibration, cell-free
massive MIMO, distributed antenna, reciprocity calibration, car-
rier phase positioning, delay estimation

I. INTRODUCTION
Distributed massive multiple-input multiple-output (mMIMO)
is a promising technology for next-generation communication
systems, where numerous distributed access points (APs) serve
multiple user equipments (UEs) with uniform service [1], [2].
However, it requires precise phase and time synchronization
between APs, critical for uplink combining, downlink MIMO
beamforming, and localization [1]-[4]. Bi-directional over-the-
air (OtA) measurements between the antennas of different APs
can be used to calibrate uplink-downlink reciprocity phase
errors for reciprocity-based beamforming [5]. Unless the local
oscillators in different APs are mutually locked to each other,
the phase drift originating from local oscillator (LO) noise re-
quires frequent (millisecond-level) re-calibration [6]—[8]. Such
calibration can also be accomplished using bi-directional OtA

measurements between the APs [3], [8].
While [3], [S]-[8] focus on phase calibration issues from
hardware impairments and asynchronous timing, time calibra-
tion is also crucial for delay-based high-accuracy localiza-
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Fig. 1: Phase and time calibration between two asynchronous distributed single-
antenna APs in a distributed massive MIMO network, A and B, via LoS and
ground reflection paths (reflection point R). Depending on the prior knowledge
of the location (AP positions) and map (reflection point position and phase)
information, bi-directional or uni-directional measurements are needed.

tion [4], [9], [10]. Joint phase and time calibration, especially
addressing errors from imperfect LOs between distributed an-
tennas, remains underexplored. The paper [3] offers a phase
calibration method for narrowband transmission over line-of-
sight (LoS) channels but does not address time calibration,
wideband systems, and multi-path effects (which commonly
arise from ground reflections [11]). Additionally, the potential
benefits of using location (AP positions) and map information
(reflection points and phases) in phase and time calibration
are not systematically explored. Specifically, knowing the AP
locations reduces the need for calibration from bi-directional to
uni-directional measurements, and knowing the map informa-
tion could enhance calibration accuracy. These research gaps
motivate our work.

In this paper, we introduce a novel phase and time calibra-
tion signal model for wideband distributed antenna systems,
enabling joint phase and time calibration for precise calibration
and accurate localization. We investigate various scenarios,
considering the availability of location (AP positions) and/or
map information (reflection position and phase), over both LoS
and reflection paths. We derive maximum likelihood (ML)-
based estimators for each scenario to solve the calibration
problem. Additionally, we provide a rigorous Cramér-Rao lower
bound (CRLB) analysis using Fisher information, establishing
a theoretical benchmark for performance evaluation. By exam-
ining a setup with two single-antenna APs, we emphasize that
our model and techniques apply also to calibration between
antennas of multi-antenna APs and between APs and UEs in
distributed mMIMO scenarios, broadening the potential impact
of our work.
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II. SYSTEM MODEL

A. Phase and Clock Offsets

Two single-antenna APs A and B are shown in Fig. 1. Each AP,
A or B, has a transmit and receive branch, causing respective
time and phase offsets [7]. We assume that each AP has already
individually calibrated its transmit and receive antenna times
and phases.! The rest of this paper focuses on phase and time
calibration between different antennas.

The propagation delay between A and B is

7a = |[pa — P8l /¢, ey
where pa and pg are the 2-D positions of A and B, and c is
the speed of light. Note 7ag = 7a due to reciprocity. At global
time zero, the clock offset for the transmission from A to B is
Oty € R, and from B to A is §;,, € R. The additional phase
offset transmitting from A to B and from B to A due to hardware
impairments (e.g., in-phase and quadrature (IQ) imbalance or
common phase error due to phase noise) is denoted by d4 . €
[0,27) and d4,, € [0,27). We note that

6tAB - 752&}3,\, (2)

0py = —Opy, - 3)
These minus signs arise because a positive transmit time delay
shift has the opposite effect on the signal phase compared to a
positive receive time delay shift, due to opposite transmission

directions. See [7], [8] for more details.
B. Observation Model via LoS Path

We consider an OFDM system with subcarrier spacing Ay Hz
and IV subcarriers. The bandwidth is W = NAy. The additive
white Gaussian noise (AWGN) noise power spectral density
(PSD) is Ny. The transmit power is Px. The complex pilot
symbol vector at one OFDM symbol, transmitted by AP A,
is sa = [sa[0],-- ,8a[N — 1]]T € CV. The average symbol
energy E, = E{|sa[n]|*} = P/ W.

Under an ideal LoS channel, the received symbol at AP B
over subcarrier n, after filtering, sampling, and cyclic prefix
removal, is given by?

yap[n] = [3AB€_j6¢A“ e~ I2T feTaB o —72TNA T sa[n] + was|[n]

= Bage’ """ a(7a)[n]sa[n] + was[n], “)
where Oap € R is channel gain including path loss, wag[n] ~
Nc(0, Ng) is AWGN. The delay 7ap, pseudo-delay 7ap (in-
cluding the clock offset), carrier phase g, and delay steering
vector element [a(7ap)]n, are

TAB = TAB F Oty &)

OAB = =27 fcTaB — 0g,,, (6)

[a(7aB)]y = e /2™ As T, ©)

where  the delay steering  vector  a(7ag) =
[[a(7aB)lo, - s [a(Fap)]n-1]T € CN. Collecting yag[n]

[ya[0], - ,yas[N — 1]]T.

I'This assumption is valid as the antenna individual calibration can be done
using electromagnetic simulations or anechoic chamber measurements [12],
or OtA methods [13], [14]. More details on antenna individual calibration
definition are in [8].

>The model is equivalent to the model in [7, eq. (20)] by setting 6¢AB =
—(got — gDr) and TAB = Tt — Tr.

over N subcarriers gives yap =

We obtain (4) in vector form as

YAB =HAB T WaB, (3
where pap £ BAB@M;AB(I(’T'AB) ©® sa, and wap =
[’LUAB [0], 0, WAB [N — 1“T

Similar to (8), we define the received signals at AP A,

transmitted from AP B, as

YBA =MBA + WBA, 9
where gy = fBpac’?* a(7a) © sp. The pseudo delay 7, and
carrier phase pa are

(10)
(1)

TBA = TBA + Ot
YBA = —27 fcTeA — Og,
Note that Sag = Oga and 7ap = 7a due to reciprocity.

C. Observation Model via LoS and Reflection Paths

In practice, a pure LoS path from array A to B is not always
guaranteed due to multi-path effects like ground reflections. The
observation from array A to B, involving a LoS path and a
reflection path reflected at a reflection R is represented by

YAB = MAB T MAR + WaB, (12)

where par 2 Bare’?*®a(7ar) © sa. The pseudo-delay, Tag,
and carrier phase, par, of the reflection path are defined as

TAR = TAR F Otyp, (13)

OAR = —2T feTAR — g, — 00, - (14)
Here the reflection path delay 7ar is given by 7ar =
(Ilpa — prI| + ||Pr — PBI|)/C, PR is the reflection location, and
the reflection introduces an unknown phase rotation dg .

Similarly, we can rewrite the observations from AP B to

A (8), via a LoS and reflection paths, as

YBA = MUBA + UBR T+ WBA, (15)
where ppr = Bpre’?™a(7gr) © sp, and the pseudo-delay and
carrier phase of the reflection path transmitted from AP B are
defined as

TBR = TBR + Oy, (16)

¥BR = _27Tf07-BR - §¢BR - (Sd’BA' (17
Note that Sgr = far, the phase rotation d, = d,, , and
Tgr = Tar due to reciprocity [15].

D. Problem Formulation

The task is to jointly calibrate phase and time between two

single-antenna APs using uni-directional (known AP positions)

or bi-directional (unknown AP positions) OtA observations.

Two scenarios are considered based on the knowledge of AP

positions.

« Known AP positions: With known positions of APs A and
B, we can determine the delay 74p, which helps to calibrate
the phase and clock offsets using uni-directional observation
over LoS and reflection paths (if the paths are resolvable),
e.g., yap from (12). With unknown map, i.e., unknown 7Tar
or 5¢AR, and a uni-directional two-path observation (12), the
unknown parameter vector is defined as

0 = [tan> 06,y TAR: 0> BaBs Bar] T € RO (18)
If the reflection position pg or the reflection rotation phase
5¢AR is known, i.e., known map, the unknown vector 7 in (18)
is reduced by excluding Tar or g, , respectively.
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With only a LoS path observation, the unknown parameter
vector in (18) is reduced to
N = [0tas: 06,0 Oan] " € RZ. (19)
o Unknown AP positions: Without knowing the posi-
tions of APs A and B, a uni-directional observation,
e.g., yap from (12), is insufficient to independently es-
timate both 74p and J;,,, because there are more un-
knowns (6 in (18) and 7ap) than measurable parameters
(¥AB, PAR, TAB TAR, BAB, Bar)- Instead, bi-directional obser-
vations yap and ypa are needed. With unknown map and
bi-directional two-path observations, the unknown parameter
vector is defined as

N = [TAB, Otag> O,y » TAR: O, » Bans Bar]T € R7*1 . (20)
If the reflection information Tar and dpp;,, are known, i.e.,
known map, the unknown vector m in (20) is reduced by
excluding Tar or dy, . respectively.

With only LoS path observations, i.e., using observations y,g
from (8) and yg, (9), the unknown parameter vector is

N = [TaB, Otap> 0, Ban)| € RV 1)

III. PHASE AND TIME CALIBRATION

This section introduces four novel ML-based estimators for the
phase and time calibration tasks (18), (19), (20), and (21) in
Section II-D. These estimators share a similar form but differ
in their final grid search dimensions.

Proposition 1. The ML-based estimator of the unknown pa-
rameters 1 in (18), (19), (20), and (21) are respectively given
by
[Ot455 TAR: 5¢AR] = arg min ‘Céj-};;lath(ét/w’ TAR; 5¢AR)a (22)
tap  TAR)
AiAR
5,5/“, = arg minL"%(6,,),
Stpp

(23)

P . Bi
[TAB’ Otaps TAR 5¢AR] = arg mm ‘CZ-path(TAB? Otap: TAR 6¢>AR)7

TAB Ot g »
ARt
(24)
[%AB,&AB] = arg min EEQS(TAB,&AB), (25)

TAB,Ot,p
where (22) and (23) are the two-path and LoS estimators
using the uni-directional observation yap from (12) and (8),
respectively. (24) and (25) are the two-path and LoS estimators
using the bi-directional observations y = [y}, y}]7, obtained
from (12) and (15), and from (8) and (9), respectively. The
negative log-likelihood functions (NLLFs) C5" = Cyni L5

- 2-path’ 2-path’
and £’23fpmh share a similar form as
2 .2 WH .
L) =l + llel; - 2[e"y, (26)
where, based on the specific estimator, Ly =

{Cg_;’;ﬁmﬁgﬁ,Eg_ipath,ﬁff,s}, Yy and ¢ in (26) are substituted
accordingly to obtain the respective NLLF functions in (46),
47), (42), and (48).

Proof. The detailed derivation of (24) is given in Appendix A.
The derivation of other three estimators follows similar steps,
given in Appendix B. O

Analytically solving (22), (23), (24), and (25) is infeasible.
Thus, a practical approach is to perform a grid search over the
3-D, 1-D, 4-D, and 2-D parameter spaces for (22), (23), (24),
and (25), respectively.

IV. CRAMER-RAO LOWER BOUND AND ANALYSIS

Next, we derive the CRLB for parameters in (18), (19), (20),
and (21), respectively. The CRLB on the error variance of any
unbiased estimator of the unknown parameters 7 is defined as

En{(f —m) (7 —n)T} > (Jy) " 27)
The Fisher information matrix (FIM) of 1 can be calculated as

opt op Y 1

ki 2%{ d[n; O[n]; } Ny’ 28)
where p is chosen as [l + pAr]", pas, and [plp, pha
for the unknown parameters n from (18), (19), and (21),
respectively. Using the FIM for an unknown parameter vector
7, we calculate the lower bound on the error variance for the
i-th parameter as

]T

var(ii) = [T i (29)
A. Known Positions with LoS Path or Two-path

1) LoS Path

In the scenario with known AP positions and uni-directional
observation (8) over LoS path, the analytical CRLBs of the
error variance of the unknown StAB and 5¢AB from (19) are

var(de,,) = [J, |11 = 3/(2r*W2SNR), (30)
var(dy, ) = [J |22 = 6f2/(W2SNR) + 1/(2SNR),  (31)

where the SNR £ E,32N/Ny. We omit the derivation details
for simplicity. The CRLB for StAB (30) shows that increasing the
bandwidth can reduce the estimation error to zero. In contrast,
the CRLB for 3¢AB (31) indicates a performance threshold.
Referring to Eq. (6), this occurs because, with perfectly known
Oty5» the error in the estimation of J4 . is independent of
bandwidth and only depends on SNR.

2) Two-path

In the scenario with known AP positions and uni-directional
observation (12) over two paths (LoS and reflection), the
CRLBs of the error variance of unknown parameters in 7
from (18) is given in Appendix C.

B. Unknown Positions with LoS Path or Two-path

1) LoS Path

The analytical CRLBs of the error variance of Tap, 8tAB’ and
5%3’ from (21), are

var(7ap) > [J 11 = 1/((167%f2 + 42 /3)SNR)  (32)
var(dy,,) > [J, 2,2 = 3/ (47 W2SNR), (33)
var(dg, ) > [J; 2.2 = 3f2/(W?SNR) + 1/(4SNR).  (34)

We omit the derivation details for simplicity. Comparing (33)
and (34) with the uni-directional CRLBs, (30) and (31), bi-
directional observations halve the estimation variances of dy,,
and 4y, . Specifically, (32) shows that the estimation variance
of Tap decreases with fZ, unlike ;,, and &, . This is because
dt,s and dg - can somehow be canceled out due to their opposite
signs in the carrier phases of bi-directional measurements: i.e.,
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TABLE I: Simulation parameters.

Parameter Value
PA, PB, PR [50, 50], [0, 0], [0, —10] m
P, No, fe, Af 10 mW, —174 dBm/Hz, 2 GHz, 60 kHz
Otap: 00,0 00,0 0.67us, 10°, 20°
BaB, Bar A/ (47 [[pa — psl)),
M/ (4 |llpa — pr| + |Pr — PBII)

TABLE II: Setups of two scenarios and the corresponding estimators.
Setups Scenario 1 Scenario 2
Prior Localization Known pa, ps Unknown pa, pB
Unknown parameters 7 Two-path: (18), Two-path:(20),

LoS: (19) LoS:(21)
Reduced 7 (18) Reduced 1 (20)
Two-path est.:(22), LoS est.:(25)
LoS est.:(23)

Prior Map in two-path
Estimators

—5¢AB in pap and +(5¢AB in wpa. The same applies to 6tAB. This
in turn improves the estimation of 74 due to its same signs in
QOAB and QDBA.
2) Two-path
In the scenario with unknown AP positions and bi-directional
observation ((12) and (15)) over two paths (LoS and reflection),
the CRLBs of the error variance of unknown parameters in
from (20) is given in Appendix D.

V. SIMULATION RESULTS
A. Scenarios

We consider a simulation setup involving two single-antenna
APs. The setup parameters, following similar parameters in [4],
are given in Table 1. The evaluated scenarios and estimators are
given in Table II. The ML estimator (24) is not evaluated due
to its impractical and costly 4-D grid search.

B. Scenario 1: Calibration with Known AP Positions

1) Impact of Bandwidth

The root-mean-squared errors (RMSEs) on the estimation of
clock offset d;,, and phase offset 5¢AB versus bandwidth W
are shown in Fig. 2 and Fig. 3, averaged over 50 Monte
Carlo simulations. The corresponding CRLBs are given in
solid lines. The results indicate that the proposed ML-based
estimators can nearly reach the corresponding CRLBs. Fine-
tuning the grid search size can further improve their stability.
With unknown map, the reflection path degrades the two-
path estimator’s performance compared to only LoS estimator
on LoS path model. This degradation lessens with growing
bandwidths, which allows a better resolution between LoS and
reflection paths (delay difference in Hz: 1/(7agr — Tap) ~ 17
MHz). With known map, the two-path estimator performs better
than the LoS estimator for larger bandwidths (> 30 MHz),
showing a nonlinear improvement with bandwidth. The LoS
estimator performs poorly under the two-path model due to
mismatched estimators. The two-path estimators’ phase offset
RMSEs deviates from the CRLB for small bandwidths (< 20
MHz) because of phase wrapping. The RMSE values in Fig. 3
are larger than those in Fig. 2, aligning with (30) and (31).

2) NLLF Results

Fixing the bandwidth W = 12 MHz, Fig. 4 shows the clock
offset estimation error, (3;,, — d¢,,) X ¢ measured in distance,
which is a 1D slice of the 3D NLLF results, fixing the other
two parameters, for the two-path estimator (22) and the 1D

T T T T

S~ ~o = ©= Two-path Est. (22) of étAB: unknown map
el ~
] T~o = El- Two-path Est. (22) of 8¢ , - known map
£ ~
3 & S~ o | = 9= LoSEst (23) of 8¢, - on two-path model (12)
2
= 100 5 ~ A~ LoS Est. (23) of 84, ., : on LoS model (8) §
3 - tAB
%5 i -4
ke T9-0--4
@)
o
o
m
2 1072
=
o~

L
10" 102
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Fig. 2: RMSE of the clock offset estimate d¢,, in ns versus the bandwidth for

various estimators for the scenario with known AP positions. Solid lines are
the corresponding CRLBs.

~<o
-~
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10!

Two-path Est. (22): unknown map
= El= Two-path Est. (22): known map
= 4 = LoS Est. (23): on two-path model (12)
= & = LoS Est. (23): on LoS model (8)

RMSE of Phase Offset [degree]

10°
10! 102
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Fig. 3: RMSE of the phase offset estimate J,,, in degree versus the bandwidth
for various estimators for the scenario with known AP positions.

NLLF of the LoS estimator (23). The LoS estimator (23) shows
inferior performance under the two-path observation model (12)
due to interference from the reflection path. In contrast, the
two-path estimator (22) with unknown reflection parameters
offers better accuracy. Having knowledge of reflection path
parameters offers almost no advantage because of the limited
bandwidth of 12 MHz. The LoS estimator is most effective
under the LoS observation model (8), displaying the sharpest
NLLF curve near the ground truth. The results demonstrate the
superior performance of the proposed estimators, highlighting
the importance of a precise multi-path model over map data for
calibration accuracy.

C. Scenario 2: Calibration with Unknown AP Positions

Fig. 5 shows the RMSEs on the estimation of clock offset d.,,
and delay 7a4p versus bandwidth W for the LoS estimator (25)
under unknown AP positions and bi-directional observations
over LoS and two-path channel. The results of the LoS estima-
tor (23) using uni-directional observation from Fig. 2 is also
shown. The corresponding CRLBs are given in solid lines.

As bandwidth increases, the performance of both LoS estima-
tors for clock offset 0, improves linearly. The bi-directional
LoS estimator (25) halves the estimation error, as discussed
by the CRLB analysis in Section IV-B. The delay estimation
Tap demonstrates a threshold effect where, with sufficiently
large bandwidth (> 100 MHz), the estimation can approach
its CRLB at a much lower level (see right y-axis) due to carrier
phase exploitation, similar to the threshold effect discussed
in [10]. The two-path measurements have a negligible effect on
the bi-directional LoS estimator (25) for both clock offset and
delay, in contrast to the significant impact on the uni-directional
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Two-path Est. (22): known map
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10—12
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Clock offset error in distance: (&AB — 8t,p) X € [m]

Fig. 4: 1-D snapshot of NLLF results for clock offset error in distance using 3-
D and 1-D search for two-path and LoS estimators, given known AP positions.
Signal bandwidth W = 12 MHz.
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Fig. 5: RMSE on the estimation of the clock offset 5y Ap (eft y-axis) and delay
7ap (right y-axis) versus the bandwidth for two LoS estimators, (23) and (46),
in scenarios with and without known AP positions and LoS path.

LoS estimator (23), as illustrated in Fig. 2 and Fig. 4, mainly
because bi-directional measurements help to decouple reflection
parameters from LoS parameters. For instance, d4,, changes
signs in (12) and (15), unlike 7ar and ¢,

This threshold effect arises due to the integer ambiguity
error (41) in the phase offset estimation when exploiting the
carrier phase. Fig. 6 shows the 1-D extraction from the 2-D
NLLF results of the estimator (25) for delay estimation at 50
MHz and 200 MHz. With larger bandwidths, a distinct global
optimum correctly identifies the optimum, while smaller band-
widths lead to numerous local optima and incorrect estimates.
Mismatched two-path measurements on the LoS estimator show
that the large bandwidth advantage is less apparent compared
to the cases without mismatch.

VI. CONCLUSION

This paper addresses phase and time calibration in distributed
mMIMO context using a wideband multi-path model for sep-
arate phase and time offsets calibration. We cover scenarios
with/without known AP positions and/or reflection information,
offering a practical framework. We developed ML estimators for
each scenario. Our CRLB analyses establish theoretical perfor-
mance benchmarks, improving the understanding of calibration
limits. Extensive simulations validated our estimators against
the CRLBs. Focusing on two single-antenna APs, we note that
our model and techniques are applicable to intra-AP and AP-
UE calibration in distributed massive MIMO. Future work can

A A | A A
LoS Est. (25) on LoS model (8): W = 50 MHz
LoS Est. (25) on LoS model (8): W = 200 MHz

= = = LoS Est. (25) on 2-path model (12): W = 50 MHz
= = = LoS Est. (25) on 2-path model (12): W = 200 MHz

e Ground Truth

Normalized NLLF

—-0.1 0 0.1 0.2

Delay error in distance: (7ap — 7ag) X ¢ [m]

Fig. 6: 1-D snapshot of 2-D NLLF results for delay estimate error in distance
for the LoS estimators and (25).

explore calibration with unknown AP positions in a multi-path
channel and localization with multiple APs.

APPENDIX A
PROOF OF (24) IN PROPOSITION 1
Using the ML criterion, we solve the estimation of 7
from (21) using the bi-directional two-path observation y =
[yis, yia]T € C2V from (12) and (15) as

) = arg max p(y|n). (35)

Denote piappa = [MAg, EA]T € C2V, and pr =
[uir, pER]T € C?V. Solving (35) is equivalent to minimize
the negative log-likelihood version of p(y|n). After removing
irrelevant terms in log p(y|n), the problem in (35) becomes to
minimize the NLLF, given by 1) = arg Hgn Ly(n), where

2
Lyi(n) = ly — aB-BA — NR||2
- Hy — BaB [efjéd’AB eI eny, €j6¢BA€_j¢BAC§A]T

. o R L 2
— Bar[e %% BTy €1 6*JwBchR]T‘ ; (36)

2
o 37
2

_ —jé —jé
= Hy — Bage 7?rmcppa — Bare 7 %an CAR-BR’

~ A ~ A ~ A
where ©ap = ©aB — 0g,,» PBA = PBA — 0p, s PAR = PAR —
5¢AB’ ‘ﬁBAR é,ﬁ"BR - 5¢an CABBA = ¢! SOABC/IBaeﬂ@BACEﬁJT’
carBr = [e7Parely e %eel]T, and from (36) to (37) we
use 9y, = —04,, (defined in (3)).

We can express two channel gains in vector form as 3 =
[Ba, Bar]". Thus we can rewrite (37) as

Lyi(n) = Hy — e 7% Cpr a3,

where Carp 2 [caBBA, CarBr] € C2V*2. To solve this ML
estimation problem, we first estimate 3 as a function of the
remaining parameters in closed-form as

B = R{(CHrsCars) " (e77m Cars) 'y}

1 1
=3 (C/IinB Cars) ' (7% Crpp)y

1 . N T
+ 5 (yH(e ‘]6¢AB CA—R—B) (CE—R—BCA-R-B) 1) (39)

Substituting (39) into (38) drops the dependency of 3, we
obtain the compressed loss function

2
; (38)
2

9

LML(TABv5¢AB76tAB’TAR,5¢AR) = |y - e~ 200, éA-R-BH%a

(40)
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-1
£ Yy - %CA—R—B (CE_R_BCA—R—B) CE_R_By and
o —1 .

CA-R-B %CA-R-B (CE-R-BCA-R-B) C/I—R-B (yH)T. Slmllarly,
we can also estimate d,, = in closed-form using the remaining

parameters as

where

[I> ¢

. Z(eN o3
o =~ AGwab) (1)
where z; € Z is introduced to account for possible integer
ambiguities in phase estimation. Inserting (41) into (40) yields
i o2 N 2 JH v
LY pan (TAB: Ot s TaR, 0, ) = 19115 + |€apall; — 2 [€Xpab| -
(42)

APPENDIX B
PROOF OF (22), (23), AND (25) IN PROPOSITION 1
Using the ML criterion, we solve the estimation of 7
from (18), (19), and (21) by minimizing the following NLLFs
LyL(n) £

|yas — pa — parlls, for m in (18), yap in (12)  (43)
yas — a3, for 17 in (19), yap in (8)  (44)
|y — tassalls, for m in (21), y in (8), (9), (45)

where the bi-directional LoS observation y = [yls, yb\]T €
C2V in (45) is obtained from (8) and (9).

We omit some details for simplicity and follow similar steps
from (36) to (41) to compress the unknown Bag, Oga (f
applicable), Bar (if applicable), Sgr (if applicable), and d4,,
in each NLLF function in (43), (44), and (45). Specifically,
we obtain the compressed loss function of (43) for the uni-
directional two-path estimator,

L in(Otas> TAR: 0, ) = |9asl3 + [ Easrlls — 2 |eBrYAB| »

(46)

o -1
where YAB £ YAB — %CABR (C./?BRCABR) CEBRyAB and
%CABR (CKBRCABR) CZBR(yEB )T’ Caer =
(CNX2, CAB £ CL(%AB) ® Sa and

v AN
CABR = 3
[e7Pascap, €7%ParepR] €
A ~
CAR = a(TAR) ® 8A.
Similarly, we can also obtain the compressed loss function
of (44) for the uni-directional LoS estimator,

L% (0r0) = 9asl3 + énp¥as|,  (47)
where gap = yas — Cipyas/2|call3cas and éap =
e~JArt Tyl cap|lcas||2cap /2. We obtain the compressed loss
function of (45) for the bi-directional LoS estimator,

: 02 s 2 H -

L2 (TaB; 81s) = 11l + l[CaBally — 2 |Epag|,  @8)

- A H 2 - A
where Yy = Yy — CABAycABA/HCABAHQ and CABA =
yHCABACABA/HCABA”%-

énslly — 2

APPENDIX C
CRLB CALCULATION OF m FROM (18).

The FIM of 1 from (18) is calculated following (28) using
Op /004, = Dip, O /06y, = —jm, Op/0Tar = Dipar
Op/06p,, = —jmar Op/OBar = Har/Bar Op/0Pap =
pas/Bap. Here Dy = diag(dy), and dy = —j527(f1n +
A¢([-(N-1)/2,---,(IN—1)/2])). Using these derivatives, the
corresponding FIM elements can be calculated following (28).
Notably, the FIM size is reduced based on prior knowledge of
Tar and 5¢AR. Finally, the error covariance bounds for d;,,, 5¢AB s
Tar, and 5¢AR (if applicable) are obtained following (29).

APPENDIX D
CRLB CALCULATION OF 17 FROM (20).

The FIM of n from (20) is calculated following (28) us-
ing p = (papma + MR), defined after (35). The deriva-
tives are Op/0Tap = DiipasBa, Op/06:,, = Dipp,
op/00y,, = —ju, Opu/0TaR = Diipr, Op/00y . =
—JUR, Op/OBaR = HR/BAR, Op/0Bas = panBa/BaB-
Here D171 = diag([dl,—dl]), Dl,g = diag([dl,—dz]), and
dy = _j277(fc1N - Afdlag([_(N - 1)/21 e 7(N - 1)/2]))
These derivatives can be used following (28). Notably, the FIM
size are reduced based on prior knowledge of 7ar and dy .
Finally, the error covariance bounds for each parameter in (20)
are obtained following (29).
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