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Abstract—Low earth orbit (LEO) satellite networks combined
with massive multiple-input multiple-output (MIMO) technology
are expected to support ubiquitous localization with enhanced
gains. This paper investigates robust precoding for massive
MIMO LEO satellite localization systems under imperfect prior
knowledge on user terminals’ position. Specifically, we first
characterize the signal propagation properties, and derive the
squared position error bound (SPEB) to evaluate the localization
performance. Then, under imperfect prior position knowledge,
we formulate a worst-case sum SPEB minimization problem and
propose a codebook-based robust precoding scheme. Simulation
results verify the effectiveness of the proposed robust precoding
scheme for massive MIMO LEO satellite localization.

Index Terms—LEO satellite, massive MIMO, localization, ro-
bust precoding, SPEB.

I. INTRODUCTION

Localization is vital for a range of sixth generation (6G)
applications, e.g., location-aware communications, connected
automated vehicles, and the Internet of Things. However, the
localization performance in a terrestrial network is restricted
in some remote areas, where ground infrastructure is infeasible
to deploy, or the signals are easily blocked. In these scenarios,
satellite networks can effectively complement terrestrial net-
works by offering larger coverage and supporting more flexible
localization [1].

Generally, satellite networks can be classified into geosta-
tionary earth orbit (GEO) and non-GEO (NGEO) satellite
networks. GEO satellite networks encompass various global
navigation satellite systems (GNSSs), including well-known
systems like the Global Positioning System (GPS), Galileo,
and BeiDou Navigation Satellite System (BDS). Recent ad-
vancements have brought extensive attention to low earth
orbit (LEO) satellites, particularly in their applications for
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positioning, navigation, and timing (PNT) [2]. Compared with
GEO satellites, LEO satellites can be launched at reduced cost
and with increased flexibility [3]. Besides, due to the smaller
path loss and larger satellite dynamics, LEO satellite networks
demonstrate superior localization capabilities compared with
GEO ones [4]. Until now, several LEO satellite communi-
cation systems have emerged, including Iridium, Globalstar,
OneWeb, Starlink, Telesat, and Hongyun, which can be used as
opportunistic systems for positioning, thereby complementing
GNSS.

Massive multiple-input multiple-output (MIMO) can pro-
vide numerous degrees of freedom in the spatial domain [5].
Besides, it can potentially offer multiple links to perform
localization and tracking, and is expected to improve the
localization precision [6]. Recently, a 693-square-foot MIMO
array has been successfully deployed on Blue Walker 3 LEO
satellite by AST SpaceMobile company [7]. Motivated by this,
we combine the LEO satellite networks with the employment
of massive MIMO, to support localization with the terrestrial
user terminals (UTs) in the remote areas.

Despite the precoding designs for localization have been
investigated in terrestrial networks [8], [9], the signal propa-
gation characteristics in LEO satellite ones differ significantly,
and thus can not be applied directly. Specifically, the larger
Doppler shifts and a long propagation delay pose significant
challenges in accurately estimating the instantaneous channel
state information (iCSI) [10]. Compared with iCSI, statistical
CSI (sCSI) is relatively slow-varing and can be obtained
with sufficiently high accuracy [11], [12]. Besides, due to the
mobility of the UTs or uncertainty in the tracking algorithm,
only the coarse knowledge of the UT’s position is available
at the LEO satellite [13], [14]. Therefore, a robust precoding
scheme that takes into account the imperfect prior knowledge
on UTs’ position is essential to enhance the localization
performance.

In this paper, we first derive the squared position error bound
(SPEB) as a metric to evaluate the localization performance
based on sCSI. Then, we formulate the worst-case sum SPEB
minimization problem considering the total power constraint
under imperfect prior knowledge. Given the high dimension-
ality of the problem, we develop an efficient codebook-based
scheme to obtain the precoders. Simulation results show the
superiority of the proposed scheme.

II. SYSTEM MODEL

We consider a massive MIMO LEO satellite localization
system consisting of a LEO satellite and K UTs with single-
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antenna. A uniform planar array (UPA) of Nt = Nx
t N

y
t

antennas with half-wavelength separation is applied at the LEO
satellite, where Nx

t and Ny
t denote the number of antennas

at the x- and y- axes, respectively. The LEO satellite with
known position is located at q = [qx, qy, qz]T and has an
orientation angle of ϕ = [ϕ1, ϕ2]T .1 The unknown position
and velocity of the kth UT are denoted by pk = [px

k, p
y
k, p

z
k]T

and ṗk = [ṗx
k, ṗ

y
k, ṗ

z
k]T , respectively.2 We assume fixed

positions and velocities of the UTs over the observed interval
and update them according to the large movements of the UTs.
The system is operated at carrier frequency fc and employs the
orthogonal frequency division multiplex (OFDM) modulation
with bandwidth Bw and sampling period Ts = 1/2Bw. Let
Ncp and Nsc denote the number of the cyclic prefix and
subcarriers, respectively. The frequency of the nth subcarrier
is defined as fn =

(
n− Nsc+1

2

)
fs, n = 1, · · · , Nsc, where fs

is the subcarrier seperation. Subsequently, the OFDM symbol
length can be given as T = (Ncp +Nsc)Ts. Specifically, we
assume each frame is comprised of Ms slots, and there are
Msp OFDM symbols for pilot. Consequently, in each frame,
a total of Mp = MspMs OFDM symbols are utilized for pilot
transmission.

A. Channel Model

In the wideband massive MIMO LEO satellite localization
systems, the UPA response vk,` (fn) for the `th propagation
path of the kth UT over subcarrier n can be written as

vk,` (fn) = vx (fn,θk,`)⊗ vy (fn,θk,`) ∈ CNt×1, (1)

where θk,` = (θx
k,`, θ

y
k,`) denotes the angles-of-departure

(AoD) pair. In (1), vx (fn,θk,`) ∈ CNx
t ×1 and vy (fn,θk,`) ∈

CN
y
t ×1 denote the UPA responses of the x- and y-axes, which

are defined as [11]

vx (fn,θk,`) =
1

Nx
t

[
1 exp

{
−$n sin θy

k,` cos θx
k,`

}
· · ·

exp
{
−$n (Nx

t − 1) sin θy
k,` cos θx

k,`

}]T
,

(2)

vy (fn,θk,`) =
1

Ny
t

[
1 exp

{
−$n cos θy

k,`

}
· · ·

exp
{
−$n (Ny

t − 1) cos θy
k,`

}]T
, (3)

where $n = π (1 + fn/fc).
It should be noted that the altitude of the LEO satellite is

significantly higher compared to the height of scatterers around
the UTs. Therefore, the AoD pair of each propagation path
with the kth UT is almost the same [11], [12], i.e., θk,` =
θk,∀`,3 and thus we have vk,` (fn) = vk (fn). Let vk,n =
vk (fn), and then, with perfect synchronization between the

1The orientation angle can be obtained and pre-compensated using tech-
niques such as programmed tracking, which considers the predicted movement
of the LEO satellite.

2We assume the velocity of each UT is known locally by an accelerometer.
3For an orbit height of about 200 km, the AoD difference of the x- and y-

axes are about 0.03◦ and 0.01◦ when the scatterers are spread at a maximum
radius of 100 m, which can be negligible.

satellite and the UTs in time and frequency,4 the effective
channel vector hk,m,n ∈ CNt×1 for the kth UT over the nth
subcarrier of the mth OFDM symbol is given by [12]

hk,m,n = hlos
k,m,n + hnlos

k,m,n, (4)

where hlos
k,m,n and hnlos

k,m,n represent the line-of-sight (LoS) and
non-LoS (NLoS) parts of the channel, respectively, and they
can be detailed as hlos

k,m,n = glos
k,m,nvk,n,h

los
k,m,n = gnlos

k,m,nvk,n.
Let gk,m,n = glos

k,m,n + gnlos
k,m,n, and then, given that there are

numerous propagation paths, gk,m,n can be approximated as
the aggregate of a great number of independent and identically
distributed components, which follows the Rician distribution
characterized by average power of γk = E

{
|gk,m,n|2

}
and

a Rician factor of κk [15]. Moreover, the LoS complex gain
glos
k,m,n can be expressed as

glos
k,m,n = αk exp {2π (νkmT − fnτk)} , (5)

where νk and τk are Doppler shifts and propagation delay
of the LoS path with UT k, respectively.5 It is noteworthy
that αk =

√
κkγk
1+κk

exp {φk}, where φk ∈ (0, 2π] represents a
random phase. Besides, the NLoS complex gain of the channel
follows a distribution as gnlos

k,m,n ∼ CN (0, γk/ (1 + κk)).

B. System Geometry

The AoD pair of the LoS path of the kth UT, i.e., (θx
k, θ

y
k),

can be written as [17]

θx
k = arctan

(
pr,z
k

pr,x
k

)
, θy
k = arccos

(
pr,y
k

||pr
k||2

)
, (6)

where pr
k , R (ϕ)

−1
(pk − q) , [pr,x

k , pr,y
k , pr,z

k ]T represents
the rotated position for the kth UT [18], and R (ϕ) is the
rotation matrix [17].

In addition, the Doppler shifts and propagation delay with
the LoS path of the kth UT are expressed as [19]

νk = −fc

c

ṗTk (pk − q)

||pk − q||2
, τk =

||pk − q||2
c

. (7)

C. Performance Metric

The received pilot signal at UT k can be written as

yk,m,n =
(
hlos
k,m,n

)T
Bnsm,n +

(
hnlos
k,m,n

)T
Bnsm,n + zk,m,n.

(8)
In (8), Bn = [bn,1, · · · ,bn,K ] denotes the precoding matrix,
where bn,k is the precoding vector for UT k. sm,n ∼
CN (0, IK) is the transmitted pilot vector over the nth sub-
carrier of the mth OFDM symbol, and zk,m,n ∼ CN (0, N0).

The channel parameters between the LEO satellite and the
kth UT are presented as ηk = [θx

k, θ
y
k , τk, νk, α

R
k , α

I
k]T ∈

R6×1, where αR
k and αI

k represent the real and imaginary parts

4The clock bias/synchronization errors of the different UTs are not incor-
porated into the models and algorithms of this work. Specifically, synchro-
nization can be assumed to be realized by a tracking algorithm. Besides, in
this work, we assume perfect carrier frequency offset synchronization between
the UTs and the satellite, which can be obtained and then compensated by
under-sampling approach.

5The Doppler shift related to the mobility of the LEO satellite can be
precompensated due to its deterministic time variation [16].
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of αk, respectively. The Fisher information matrix (FIM) for
the kth UT can be computed from [20]

[Jηk
]i,j =

Mp∑
m=1

Nsc∑
n=1

2

N eq
k,n

<

{
E

{
∂ (rk,m,n)

H

∂[ηk]i

∂ (rk,m,n)

∂[ηk]j

}}
,

(9)
where

rk,m,n =
(
hlos
k,m,n

)T
Bnsm,n, (10)

N eq
k,n =E

{∣∣∣(hnlos
k,m,n

)T
Bnsm,n + zk,m,n

∣∣∣2}
=

γk
1 + κk

vTk,nBnBH
n v∗k,n +N0. (11)

Note that the required sCSI knowledge involves the channel
gain γk and the AoD pair (θx

k, θ
y
k), which are regarded to

be constant during the observed interval and can be up-
dated dynamically in accordance with the channel variation
[11]. The position domain unknown parameters are given
by η̄k = [pTk , α

R
k , α

I
k]T ∈ R5×1. It is worth noting that

the transformation from channel parameters ηk to position
parameters η̄k is a bijection. Then, we derive the FIM Jη̄k

of η̄k as
Jη̄k

= ΓkJηk
ΓTk . (12)

The transformation matrix Γk ∈ R5×6 can be expressed as

Γk ,
∂ηTk
∂η̄k

= blkdiag {Ξk, I2} . (13)

The components of Ξk are detailed as

Ξk =
[
∂θxk
∂pk

∂θyk
∂pk

∂τk
∂pk

∂νk
∂pk

]
∈ R3×4. (14)

To quantify the accuracy of position estimation, the sum
SPEB of the UTs is adopted as the performance metric, which
is given as

ρb
sum (Bn) =

K∑
k=1

Tr
{
ETJ−1

η̄k
E
}
, (15)

where E = [e1, e2, e3], and ei ∈ R5×1 denote a vector with
the ith element being one while the others being zero.

III. PRECODING DESIGN

The SPEB depends on the parameters in η̄k. In this section,
we first assume perfect prior knowledge of η̄k and formulate
the optimization problem. Then, we will focus on robust
precoding with prior uncertainties in η̄k.

A. Precoding with Perfect Prior Knowledage
The sum SPEB minimization problem with perfect prior

knowledge of η̄k can be formulated as

Q1 : min
Bn

ρb
sum (Bn) s.t.

Nsc∑
n=1

||Bn||2F ≤ P, (16)

where P is the transmission power budget. Let Xn = BnBH
n

and problem Q1 can be converted into a rank-constrained
problem

Q2 : min
Xn

ρb
sum (Xn) (17a)

s.t.

Nsc∑
n=1

Tr {Xn} ≤ P,Xn � 0, rank {Xn} ≤ K.

(17b)

We introduce an auxiliary variable Mk ∈ R3×3, which
satisfies Mk � ETJ−1

η̄k
E,∀k. By utilizing the property of

Schur complement, problem Q2 can be converted into

Q3 : min
Xn,Mk

K∑
k=1

Tr {Mk} (18a)

s.t. (17b), (18b)[
Mk ET

E Jη̄k
(Xn)

]
� 0. (18c)

Note that problem Q3 has been investigated in the terrestrial
systems, where Jη̄k

(Xn) is linearly dependent on Xn. How-
ever, for the LEO satellite scenarios, the linear dependence
no longer exists, and problem Q3 requires transformation
into a convex problem to be effectively addressed. Therefore,
the majorization-minimization (MM) algorithm is invoked to
transform Q3 into a series of convex semidefinite programs
(SDPs), the basic philosophy of which is to iteratively handle
the problem through a series of easier problems [21]. In Sec.
III-B, we will investigate the robust precoding that takes into
account the uncertainties in η̄k.

B. Robust Precoding with Imperfect Prior Knowledage

In this part, we assume η̄k belongs to an uncertainty region
Uk. The center and the extent of the uncertainty region Uk can
be determined by the means and covariances of the parameters
from the output of initial access or tracking [22].

1) Problem Formulation: Under imperfect prior knowledge
of η̄k, the worst-case sum SPEB minimization strategy is
employed for robust precoding design

Q4 : min
Xn

max
η̄k∈Uk

ρb
sum (Xn; η̄k) (19a)

s.t. (17b), (19b)

By discretizing the uncertainty region Uk into a uniform grid of
G points {η̄k,g}G−1

g=0 , we introduce auxiliary variables {rk}∀k
to reformulate the problem Q4 in the epigraph form as [14]

Q5 : min
Xn,rk,Mk,g

K∑
k=1

rk (20a)

s.t. (17b), (20b)[
Mk,g ET

E Jη̄k,g
(Xn)

]
� 0,∀g, (20c)

Tr {Mk,g} ≤ rk,∀g, (20d)

where Jη̄k,g
denotes the FIM in (9) evaluated at η̄k = η̄k,g .

2) Codebook-Based Robust Precoding: Note that the rank
constraint of problem Q5 presents a non-trivial challenge.
Thus, we first handle the problem by relaxing this rank
constraint [23]. Owing to the presence of numerous grid points
{η̄k,g}G−1

g=0 , problem Q5 cannot be simplified into a lower-
dimensional form, as in [6]. Inspired by [14, Proposition 1],
we adopt a low-complexity codebook-based robust precoding
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scheme to transform Q5 into a power allocation problem.
Specifically, we employ the following codebook to cover the
AoD uncertainty intervals of different UTs

Fn ,
[
Fsum
n Fdiff

n

]
, (22)

where Fsum
n denotes a standard directional beam codebook,

Fdiff
n denotes a novel derivative codebook, and the detailed

elements are given in Appendix.

With the predefined codebook given in (22), we consider
the following beam power allocation problem

Q6 : min
diag(λn)
rk,Mk,g

K∑
k=1

rk (23a)

s.t.

Nsc∑
n=1

Tr
{
Fndiag (λn) FHn

}
≤ P, (23b)[

Mk,g ET

E Jη̄k,g

(
Fndiag (λn) FHn

)] � 0,∀g,

(23c)
λn ≥ 0, (23d)
Tr {Mk,g} ≤ rk,∀g, (23e)

where λn = [λn,0 · · · λn,M−1]T and M = 3KNx
gN

y
g .

Note that Jη̄k,g

(
Fndiag (λn) FHn

)
is not convex con-

cerning the variable diag (λn), the MM algorithm is
adopted to iteratively handle problem Q6 through a se-
ries of easier problems [21]. Specifically, diag (λn,t) de-
notes the solution in the tth iteration, and then, we re-
place Jη̄k,g

(
Fndiag (λn) FHn

)
by its second order Tay-

lor expansion Ĵη̄k,g

(
Fndiag (λn) FHn

)
in (t+ 1)th iteration.

The (i, j)th element of Ĵη̄k,g

(
Fndiag (λn) FHn

)
is provided

in (21) on the bottom of the page, where Ck,m,n,i,j =

FHn
∂h∗

k,m,n

∂[ηk]i

∂hT
k,m,n

∂[ηk]j
Fn, Zk,n = γk

1+κk
FHn v∗k,nvTk,nFn, and L

is the Lipschitz constant [21]. Then, in the (t+ 1)th iteration,
the corresponding problem is written as

Q(t+1)
6 : min

diag(λn,t+1)
rk,t+1,Mk,g,t+1

K∑
k=1

rk,t+1 (24a)

s.t.

Nsc∑
n=1

Tr
{
Fndiag (λn,t+1) FHn

}
≤ P, (24b)[

Mk,g ET

E Ĵη̄k,g

(
Fndiag (λn,t+1) FHn

)] � 0,∀g,

(24c)
λn,t ≥ 0, (24d)

TABLE I
SIMULATION PARAMETERS

Parameter Value

System bandwidth Bw = 15.36 MHz
Carrier frequency fc = 2 GHz
Subcarrier seperation fs = 30 KHz
Number of valid subcarriers Nsc = 512

Number of slots per frame Ms = 20

Number of CP Ncp = 36

Rician factor κk = 18 dB
Number of OFDM symbols per slot Msp = 2

Orbit height H = 200 km
Antenna spacing rx = ry = λc/2

Antenna gain Gsat = 6 dB, Gut = 0 dB
Number of UTs K = 3

Noise spectral density −174 dBm/Hz

Tr {Mk,g,t+1} ≤ rk,t+1,∀g. (24e)

Note that Ĵη̄k,g

(
Fndiag (λn) FHn

)
is convex with re-

sepect to diag (λn), and thus can be addressed with
SDP solvers [14]. According to [21], the sequence of
feasible points {diag (λn,t)} can converge to a station-
ary value. Then, with the nonnegative diagonal matrix
diag (λn) from Q6, we have the optimized codebook Fopt

n =
[
√
λn,0fn,0 · · ·

√
λn,M−1fn,M−1]. Then, Bn can be re-

covered from Fopt
n (Fopt

n )
H through Cholesky decomposi-

tion and Gaussian randomization approaches. The number
of the optimized variables in problem Q6 is denoted by
nvar = MNsc + 9KG + 1. The number of linear matrix
inequality (LMI) constraints is MLMI = 2KG+Nsc. Besides,
the dimensions of the matrix corresponding to the τ th LMI
constraint are given by qτ = 3, 1 ≤ τ ≤ KG, qτ = 8,
KG+ 1 ≤ τ ≤ 2KG, and qτ = Mt, 2KG+ 1 ≤ τ ≤MLMI.
By assuming the MM algorithm terminates in Jmm iterations,
the overall complexity to handle problem Q6 can be expressed
as O(Jmmn

2
var

∑MLMI

τ=1 q2
τ + nvar

∑MLMI

τ=1 q3
τ ) [14].

IV. SIMULATIONS

In this section, we evaluate the localization performance
for the proposed massive MIMO LEO satellite system. In
our simulations, we adopt the average position error band
(APEB) to measure the performance of localization, which is
defined as ρb

avg =
√
ρb

sum/K. Some related typical simulation
parameters are listed in Table I [6], [14]. The position and
the orientation angle of the LEO satellite are assumed to be
q = [0, 0, 0]T and o = [0, 0]T , respectively. The AoD pair for
the kth UT, i.e., θx

k and θy
k are assumed to follow a uniform

[
Ĵη̄k,g

]
i,j

(
Fndiag (λn) FHn

)
=
[
Jη̄k,g

]
i,j

(
Fndiag (λn,t) FHn

)
+

M∑
m=1

Nsc∑
n=1

Tr

{(
IM �

(Tr {Zk,ndiag (λn,t)}+N0) Ck,m,n,i,j − Tr {diag (λn,t) Ck,m,n,i,j}Zk,n

(Tr {Zk,ndiag (λn,t)}+N0)
2

)T

· (diag (λn)− diag (λn,t))

}
+
L

2
||diag (λn)− diag (λn,t) ||2F . (21)
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distribution within the range of [π/3, 2π/3]. The nadir angle
of the kth UT can be computed as ϑk = arccos (sin θx

k sin θy
k),

consequently, the elevation angle of the kth UT is written as
φk = arccos

(
Re+H
Re

sinϑk

)
, where Re represents the earth

radius and H represents the orbit height of the LEO satellite.
And the distance between the LEO satellite and the kth UT
can be computed as dk =

√
H2 + 2HRe +R2

e sin2 φk −
Re sinφk. The channel gain γk is defined as

γk = GsatGutNt

(
c

4πfcdk

)2

, (25)

where Gsat and Gut represent the antenna gain at the satellite
and the UTs, respectively. The velocity of each UT at x, y,
or z-axes is assumed to follow a uniform distribution over the
interval [−10, 10] m/s.
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Fig. 1: APEB performance versus transmit power P with Nt = 576 antennas.
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Fig. 2: APEB performance versus antenna numbers Nt with P = 9 dBW.

Fig. 1 illustrates the relationship between APEB and the
transmission power when the number of antennas is set to 576.
The robust case presents the APEB value with the proposed
worst-case sum SPEB minimization strategy. On the other
hand, the non-robust case presents the maximum APEB value
in the presence of uncertainties in η̄k employing the strategy
in (18). As depicted in Fig. 1, all the curves demonstrate a
decreasing trend as the transmission power increases, resulting
in enhanced localization performance. Furthermore, by adopt-
ing the proposed robust precoding scheme, the robust case
APEB performance outperforms the non-robust case under
imperfect prior knowledge. It also exhibits APEB performance
that closely approaches the performance attained when perfect
prior knowledge is available.

Fig. 2 depicts the APEB performance versus the number
of antennas when the transmit power is set to 9 dBW. It can
be seen that with an increase in the number of antennas, the
localization accuracy measured by the APEB is significantly

improved in all the cases, which can be attributed to the
substantial degrees of freedom offered by the massive number
of antennas.

V. CONCLUSION

To summarize, we investigated robust precoding for mas-
sive MIMO LEO satellite localization under imperfect prior
knowledge on UTs’ position. The performance metric SPEB
for localization based on sCSI was derived, based on which we
formulated a worst-case sum SPEB minimization problem. To
reduce the complexity, we adopted a codebook-based design
strategy with the problem transformed into a beam power
allocation problem. After that, the MM algorithm was applied
to address the non-convexity of this problem. Finally, the
solutions were obtained through the SDP solvers. Simulation
results indicated that the proposed robust precoding design
enhances APEB performance.

APPENDIX

Fsum
n and Fdiff

n are defined as Fsum
n , [V1,n · · · VK,n]

and Fdiff
n , [V1,n,x · · · VK,n,x V1,n,y · · · VK,n,y],

where

Vk,n ,
[
vk,n,θxk,0,θ

y
k,0
· · ·vk,n,θx

k,Nx
g−1

θy
k,N

y
g−1

]
, (26)

Vk,n,x ,
[
v̇k,n,θ̇xk,0,θ

y
k,0
· · · v̇k,n,θ̇x

k,Nx
g−1

,θy
k,N

y
g−1

]
, (27)

Vk,n,y ,
[
v̇k,n,θxk,0,θ̇

y
k,0
· · · v̇k,n,θx

k,Nx
g−1

,θ̇y
k,N

y
g−1

]
. (28)

Here {θx
k,i}

Nx
g−1

i=0 and {θy
k,j}

Ny
g−1

j=0 represent the evenly spaced
AoDs that cover the uncertainty interval of the kth UT,
with an angular spacing equal to half-power beamwidth [24],
and v̇k,n,θ̇xk,0,θ

y
k,0

, ∂vk,n,θxk,0,θ
y
k,0
/∂θx

k,0, v̇k,n,θxk,0,θ̇
y
k,0

,

∂vk,n,θxk,0,θ
y
k,0
/∂θy

k,0.
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