
Signal Processing 180 (2021) 107891 

Contents lists available at ScienceDirect 

Signal Processing 

journal homepage: www.elsevier.com/locate/sigpro 

Power-based Capon beamforming: Avoiding the cancellation effects of 

GNSS multipath 

Martí Mañosas-Caballú a , ∗, A. Lee Swindlehurst b , Gonzalo Seco-Granados a 

a Dpt. Telecomm. and Syst. Engineering, Universitat Autònoma de Barcelona, Spain 
b Dpt. Electrical Engineering and Comp. Science, University of California at Irvine, United States 

a r t i c l e i n f o 

Article history: 

Received 25 March 2020 

Revised 7 August 2020 

Accepted 5 November 2020 

Available online 10 November 2020 

Keywords: 

Beamforming 

Capon 

Arrays 

Multipath 

Correlated 

Coherent 

GNSS 

Time-delay 

Carrier-phase 

a b s t r a c t 

This paper addresses the problem of GNSS multipath mitigation using antenna arrays. A new data- 

dependent beamforming technique is proposed that is based on the well-known Capon beamformer. This 

technique aims to avoid the typical cancellation phenomenon between signal and correlated multipaths, 

by exploiting the known power of the direct signal at the receiver. To this effect, a measure of the corre- 

lation between the signal and multipaths is obtained in matrix form, and it is then subtracted from the 

spatial correlation matrix of the received signal. This results in a new spatial correlation matrix that is 

used for the final Power-Based Capon beamformer. The behaviour of this technique is justified mathemat- 

ically, and it is supported by several numerical results. These results show that the obtained multipath 

attenuations are generally superior to those obtained by other existing techniques, and also that the noise 

response is very satisfactory. The impact of the proposed technique on the time-delay and carrier-phase 

calculation at the GNSS receiver is also considered. While the obtained carrier-phase observables are rea- 

sonably accurate, the final distortion on the time-delay is exceptionally low for any multipath delay. 

© 2020 Elsevier B.V. All rights reserved. 
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. Introduction 

Global Navigation Satellite Systems (GNSS) enable the calcu- 

ation of a user position by using the signals transmitted by a 

onstellation of specific satellites. In order to obtain this position, 

ome essential parameters have to be estimated at the user re- 

eiver. For instance, the time-delay of the received signals is very 

mportant, and it has a great impact on the receiver accuracy. It 

s used for the calculation of the pseudorange , or apparent dis- 

ance between the user and each available satellite. This distance 

oes not typically match with the exact geometric distance due to, 

mong other factors, synchronism errors between the receiver and 

atellite clocks, but it leads to a system of equations from which 

he position can be calculated [1] . The carrier-phase of the received 

ignals may also be used to obtain a measure of the distance be- 

ween the satellite and receiver, and it is particularly appealing 

ecause it provides a much more precise measurement than the 

ime-delay. However, it also presents some limitations, such as be- 

ng ambiguous by an unknown integer number of wavelengths. 
∗ Corresponding author. 
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For GNSS, only the received Line-Of-Sight Signal (LOSS) is ex- 

loited to obtain useful information about the receiver position. 

ultipath reflections usually bias the time-delay and carrier-phase 

stimates, so that pseudoranges may change by several tens of 

eters, and they also hamper the ambiguity resolution process 

eeded for carrier-phase ranging [2] . For this reason, significant 

esearch and development effort s have been devoted to the miti- 

ation of multipath effects, and many techniques have been pro- 

osed so far. On one hand, there are single-antenna techniques, 

hich attempt to discriminate the LOSS from the reflections by 

xploiting their temporal diversity. Examples of such techniques 

re the narrow-correlator [3] , the strobe-correlator [4] and the 

EDLL [5] , but there are other proposals as well [6–8] . Although 

hese approaches improve on the standard positioning accuracy, 

heir performance is still insufficient for many precise applica- 

ions. On the other hand, there are multiple-antenna techniques, 

hich exploit the spatial diversity, and are able to discriminate 

he reflections when they come from different directions [9] . So 

ar, several multiple-antenna studies have been proposed that take 

nto account the underlying particularities of a GNSS scenario. 

hese include the application of the basic Howells-Applebaum and 

ower-Inversion methods [10] , the use of Deterministic Beamform- 

ng techniques [11] , specific methods based on Maximum Likeli- 

ood (ML) estimation [12] , two-step approaches based on Eigen- 

ecomposition [13] , and many other examples [14–16] . A thor- 
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ugh overview can be found in [17] , and other recent studies are 

18] and [19] . 

Overall, the best and most well-known multiple-antenna solu- 

ions are based on data-dependent beamforming, where the opti- 

al beamforming weights depend on the statistics of the incom- 

ng data [9] . They are very appropriate for situations where little 

 priori information about the scenario is available, or when the 

cenario is likely to change with time. When the spatial and/or 

emporal signatures of the LOSS are assumed known, it is com- 

on to exploit them to improve performance at the output of 

he array [20] . Otherwise, there are also blind beamforming tech- 

iques that only exploit some specific properties of the involved 

ignals, such as constant modulus and self-coherence, and hence 

hey are robust to errors in the previous assumptions. In any case, 

he data that is used to compute the beamforming weights can 

e obtained either before or after the despreading process, since 

ll present and planned navigation systems use Direct-Sequence 

pread-Spectrum (DS-SS) signals. When mitigating the multipath is 

he main issue, it is recommended to employ the post-despreading 

ignals because the despreading makes the multipath contribution 

ore noticeable. The weights can then be applied to either the 

re-despreading or the post-despreading signals. 

Although data-dependent beamforming is very useful in many 

ituations, it often fails when very correlated signals are present. 

ence, it is not useful to mitigate multipath reflections with 

ery small delay relative to the LOSS. For this reason, some ro- 

ust beamforming techniques that combat highly correlated sig- 

als have been proposed, but they still present certain limitations. 

he first remarkable contribution was in 1982, with the work of 

idrow et al. [21] . Then, Shan et al. [22] introduced the power- 

ul spatial smoothing technique for Direction-Of-Arrival (DOA) es- 

imation, which satisfactorily decorrelates a set of coherent signals 

mpinging on an antenna array. However, the application of this 

echnique to the beamforming problem involves a regular array ge- 

metry, such as a uniform linear array or a uniform rectangular 

rray, and it also requires using a large amount of sensors. Other 

nteresting alternatives were presented by Bresler et al. [23] after- 

ards. Also, a forward/backward extension of the spatial smooth- 

ng technique was presented in [24] , which reduces the number 

f extra sensors needed for decorrelation. A ML estimation pro- 

edure for the location of coherent sources was presented in [25] , 

nd a quadratically constrained approach was implemented in [26] . 

ther important works have also been presented since [27–30] . 

onetheless, there is still no method that satisfactorily mitigates 

he effects of the multipath on the pseudoranges for all possible 

elative delays, unless it is at the expense of a loss of the array 

esolution or the computational need to estimate the DOA of each 

ultipath. 

Noteworthy characteristic of GNSS is that receivers are contin- 

ously provided with accurate information of the satellites’ posi- 

ions and with their own position estimates. Often, this particu- 

arity is exploited to calculate some useful parameters at the re- 

eiver for data-dependent beamforming. For instance, the DOA of 

he direct signal. Note that in very adverse multipath scenarios, the 

naccuracies of the receiver and satellite positions are at most on 

he order of a few hundred meters, and hence they are not im- 

ortant in determining the DOA. In fact, many beamforming tech- 

iques use this parameter together with the known geometry of 

he array to determine the spatial signature of the LOSS [ 20 ]. The

ssumption of a known spatial signature relies on the availability 

f array calibration, since some modelling errors always exist that 

ust be taken into account. This problem can be found in many 

pplications of antenna arrays, and robust calibration methods de- 

eloped for generic applications are also applicable here.. Finally, 

ote that in very adverse multipath scenarios, the inaccuracies of 

he receiver and satellite positions are at most on the order of a 
2 
ew hundred meters, and hence they are not important in deter- 

ining the DOA of the signal. 

In a similar manner to the DOA, the theoretical value of the re- 

eived power of the LOSS can also be calculated at the receiver. 

n this case, the knowledge of the satellite transmit power and a 

roper model for the direct-path loss are fundamental, in addition 

o the distance between the receiver and the satellite that is ob- 

ained from the receiver and satellite positions. The errors in the 

eceiver position, even if they are on the order of hundreds of me- 

ers, have no significant impact on the calculation of the distance 

ecause the satellites are 20 0 0 0 km or further way. Only the de-

iations due to model mismatches need to be considered, which 

an be further reduced by contrasting them with previous estima- 

ion records and some specific template functions [ 31 ]. Note that 

he knowledge of the LOSS power occurs on top of the more usual 

ssumption that the noise power at each element of the array can 

e estimated, and we aim to show that it has a great potential to 

educe the multipath effects. . 

In this paper, we propose a new data-dependent beamformer 

hat exploits the previous GNSS particularities. The proposed tech- 

ique is based on the well-known Capon beamformer [ 32 ], and it 

ses the post-despreading signals to calculate the weights. In par- 

icular, it attempts to attenuate interference, multipath and noise, 

xploiting the fact that the spatial signature and power of the 

OSS are known at the receiver. In the next section, the model 

f the problem is presented formally. Then, a novel review of 

he Capon beamformer in the presence of multipaths follows. This 

ew look motivates the proposed Power-Based Capon (PBC) beam- 

ormer, which is detailed in Section 4 . Afterwards, some simula- 

ion results are presented, which demonstrate the behaviour of 

ur methodology. Finally, conclusions about the work are drawn 

n Section 6 . 

. Problem model 

Let us consider that an arbitrary N-element antenna array re- 

eives the DS-SS signal transmitted by a given GNSS satellite to- 

ether with D < N multipath reflections. After the despreading pro- 

ess, the n th sample of the data received by the array is modeled 

s: 

 [ n ] = a s [ n ] + Bm [ n ] + v [ n ] (1)

here s [ n ] ∈ C is the LOSS, a ∈ C 

N is its corresponding spatial sig-

ature, m [ n ] := [ m 1 [ n ] . . . m D [ n ]] 
T is a vector containing all mul-

ipath contributions m k [ n ] ∈ C for k = 1 , . . . , D, the matrix B :=
 b 1 . . . b D ] contains at each column the spatial signature of each 

ultipath, and v [ n ] ∈ C 

N is the received noise at each element of

he array, which is assumed to be spatially white and with iden- 

ical noise power at each sensor. In the scenario of interest, the 

ultipath reflections can be either correlated or uncorrelated with 

he direct signal. When one or more reflections have zero relative 

elay, we refer to it as the coherent multipath case. As all the in- 

olved signals are assumed to impinge on the array from different 

irections, in this work we assume that a , b 1 , . . . , b D are linearly

ndependent vectors. In addition, a is considered known, whereas 

 1 , . . . , b D are unknown. 

We process x [ n ] through a given beamforming technique, which 

ses some complex weights w ∈ C 

N to generate the signal y [ n ] =
 

H x [ n ] at the output of the processor. The purpose of this oper-

tion is to mitigate the multipath contribution, interference and 

oise, while keeping s [ n ] undistorted. Then, the time-delay and 

arrier-phase of the LOSS can be estimated from y [ n ] , which are

sually fed back to the despreading stage as illustrated in Fig. 1 . A 

ery interesting approach for the beamforming stage is the Capon 

eamformer, which calculates w from the solution to: 

in 

w 

w 

H R xx w subject to w 

H a = 1 (2) 
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Fig. 1. Proposed GNSS multiple-antenna receiver. 
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here R xx = E { x [ n ] x [ n ] H } is the spatial correlation matrix of x [ n ] .

his problem minimizes the output power σ 2 
y = E {| y [ n ] | 2 } using

he distortionless constraint w 

H a = 1 , aiming to place nulls at the

irections of the interference and to keep the signal s [ n ] undis-

orted. Unfortunately, it is well-known that (2) does not work 

roperly in the presence of correlated multipaths, since it cancels 

hem together with s [ n ] , and hence it eliminates the contribution 

f s [ n ] , at the output. 

In this work, we seek a solution to this cancellation phe- 

omenon of the Capon beamformer. Concretely, we aim to iden- 

ify in R xx the portion of the multipaths that contributes to the 

ancellation, and then counteract it before calculating the Capon 

eights. As a key aspect of the proposed procedure is to exploit 

he fact that the power of the LOSS is known at the receiver, we 

efer to the approach as Power-Based Capon beamforming. 

. Capon beamforming review 

We begin with the general expression of the spatial correlation 

atrix of x [ n ] : 

 xx = σ 2 
s aa H + ar H m s B 

H + Br m s a 
H + BR m 

B 

H + σ 2 
v I (3)

here σ 2 
s is the power of the signal s [ n ] , σ 2 

v is the power of the

oise v [ n ] , r m s = E { m [ n ] s [ n ] ∗} contains the correlation between

he LOSS and its multipaths, R m 

= E { m [ n ] m [ n ] H } is the correlation

atrix of the multipaths, and I is the identity matrix. From this 

xpression, we can illustrate two different scenarios that explain 

he cancellation phenomenon of the Capon beamformer. They are 

ased on the value of r m s , taking into account that the power at

he output of the beamformer σ 2 
y = w 

H R xx w is minimized and the 

istortionless constraint w 

H a = 1 is verified. 

When the direct signal is uncorrelated with its multipaths, 

 m s = 0 , and the spatial correlation matrix becomes R xx = σ 2 
s aa H + 

R m 

B 

H + σ 2 
v I . As a result, the power at the output of the beam-

ormer can be written as: 

2 
y = σ 2 

s + w 

H BR m 

B 

H w + σ 2 
v ‖ w ‖ 

2 (4) 

q. (4) shows that the power at the output of the beamformer is 

he contribution of the power of the LOSS, the multipaths and the 

oise separately. Note that σ 2 
s > 0 , w 

H BR m 

B 

H w ≥ 0 and σ 2 
v ‖ w ‖ 2 >

 , so the weights w cannot mix the direct signal with the multi- 

aths and noise at the output to reduce the power σ 2 
y , but instead 

hey can only reduce the multipaths and noise individually. 

In contrast, when the direct signal and its multipaths are corre- 

ated, r m s � = 0 . Then, the power at the output is given by: 

2 
y = σ 2 

s + w 

H ar H m s B 

H w + w 

H Br m s a 
H w + w 

H BR m 

B 

H w + σ 2 
v ‖ w ‖ 

2 

(5) 

q. (5) shows that the power at the output it is not just formed by

he contribution of the LOSS, multipaths and noise separately, but 
3 
t also contains the term w 

H ar H m s B 

H w + w 

H Br m s a 
H w , which is due

o the correlation between the direct signal and multipaths. This 

erm is real and can be negative, so the weights w can mix it with

he contribution of the direct signal and multipaths at the output 

n order to reduce the power σ 2 
y . This is the well-known cancella- 

ion phenomenon of the Capon beamformer, and as we have seen 

t is due to the existence of a non-zero r m s . 

. Power-based Capon beamforming 

As we have seen in the previous section, the value of r m s in 

3) determines the behaviour of the Capon beamformer in the 

resence of multipaths, and the cancellation phenomenon only ap- 

ears when r m s � = 0 . Therefore, a reasonable approach to avoid the 

ancellation is to eliminate the contribution of r m s from the cor- 

elation matrix R xx . In order to eliminate this contribution, the 

ower-Based Capon beamformer calculates the terms ar H m s B 

H and 

r m s a 
H , and subtracts them from R xx . Since a is known and B is

nknown, we estimate the cross-correlation parameter α0 := Br m s , 

nd then calculate the terms a αH 
0 and α0 a 

H . 

.1. Cross-correlation estimation 

In order to estimate α0 , we first generate a modified correlation 

atrix C xx defined as: 

 xx := R xx − σ 2 
s aa H − σ 2 

v I (6) 

here both the power of the direct signal σ 2 
s and the power of the 

oise σ 2 
v need to be used. This allows us to work with a matrix 

ith the following structure: 

 xx = 

[
a B 

][ 0 r H m s 

r m s R m 

][
a H 

B 

H 

]

here the term r m s appears somewhat isolated. Then, if we sub- 

ract the term a αH 
0 

+ α0 a 
H from C xx , we obtain: 

 xx − a αH 
0 − α0 a 

H = 

[
a B 

][0 0 

H 

0 R m 

][
a H 

B 

H 

]

hich indicates that the rank of C xx has been decreased. Based on 

his observation, it is then natural to think that α = α0 may min- 

mize the rank of C xx − a αH − αa H . In order to understand when 

his minimization occurs, the following lemma has been devel- 

ped. Note that R (q ) indicates the real part of q . 

emma 1. The rank of the matrix C xx − a αH − αa H attains its mini- 

um if and only if α = α0 − q a − B R m 

p with q ∈ C , p ∈ C 

D such that

 

H R m 

p = 2 R{ q } . 
roof. First assume that α0 − α ∈ span { a , B } . Then ∃ q ∈ C , z ∈ C 

D 

uch that α0 − α = q a + Bz . Then C xx − a αH − αa H can be written 

s: 

 xx − a αH − αa H = 

[
a B 

][2 R{ q } z H 

z R m 

][
a H 

B 

H 

]

s a and b 1 , . . . , b D are linearly independent, the rank of C xx −
 αH − αa H is the same as the rank of 

[
2 R{ q } z H 

z R m 

]
, see [33] , 

hich is equal to rank ( R m 

) if and only if ∃ p ∈ C 

D such that

 = R m 

p and 2 R{ q } = z H p . In the case that there does not exist

uch p , the rank is equal to rank (R m 

) + 1 . 

Now assume that α0 − α �∈ span { a , B } . In this case we cannot

rite α0 − α as a linear combination of a , B . Instead, we must say 

hat α − α is linearly independent of a , B . Then C xx − a αH − αa H 
0 
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an be written as: 

 xx − a αH − αa H = 

[
α0 − α a B 

]
⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

0 1 0 . . . 0 

1 0 0 . . . 0 

0 0 

. . . 
. . . R m 

0 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

⎡ 

⎢ ⎣ 

αH 
0 − αH 

a H 

B 

H 

⎤ 

⎥ ⎦ 

s α0 − α, a and b 1 , . . . , b D are linearly independent, the 

ank of the previous matrix is the same as the rank of 
 

 

 

 

 

 

0 1 0 . . . 0 

1 0 0 . . . 0 

0 0 

. 

. . 
. 
. . R m 

0 0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

, which is equal to rank (R m 

) + 2 . 

As a result, we see that the minimum achievable rank is 

ank( R m 

), and that this is attained if and only if α0 − α = q a + Bz

ith z = R m 

p and 2 R{ q } = z H p , or equivalently, when α0 − α =
 a + B R m 

p with p 

H R m 

p = 2 R{ q } . �

Lemma 1 shows us that, effectively, α = α0 minimizes the rank 

f C xx − a αH − αa H . In addition, it also tells us that an infinite set

f possible α exist that minimize the rank, and it gives us a char- 

cterisation of them. As a result, we can try to find the solution α0 

y minimizing the rank of C xx − a αH − αa H , but some additional 

nformation should be used. Along these lines, next we construct 

 parametrisation for α that is based on the fact that the received 

ignals are DS-SS, and the corresponding waveforms are known by 

he receiver. In particular, we exploit the fact that a replica of the 

ost-despreading signal s [ n ] can be created by the receiver, with 

nly some unknown delay τe and phase ϕ e synchronization errors. 

We can assume then that a reference signal c[ n ] = 1 / 
√ 

σ 2 
s s [ n +

e ] e 
− jϕ e is available at the receiver. If we correlate it with the re-

eived data x [ n ] of (1) , then we can obtain the following correla-

ion vector: 

 x c := E { x [ n ] c ∗[ n ] } = 

e jϕ e √ 

σ 2 
s 

r s (τe ) a + 

e jϕ e √ 

σ 2 
s 

Br m s (τe ) 

here r s (τe ) = E { s [ n ] s ∗[ n + τe ] } and r m s (τe ) = E { m [ n ] s ∗[ n + τe ] } .
hen, by tuning the delay and phase of the reference by an amount 

and ϕ, we can generate the following correlation vectors: 

 x c (τ, ϕ) = 

e j(ϕ e −ϕ) √ 

σ 2 
s 

r s (τe − τ ) a + 

e j(ϕ e −ϕ) √ 

σ 2 
s 

Br m s (τe − τ ) (7) 

hich, when synchronized with τ = τe and ϕ = ϕ e yield: 

 x c (τe , ϕ e ) = 

√ 

σ 2 
s a + 

1 √ 

σ 2 
s 

α0 

hus, when the received and reference signal are synchronized in 

his way, we can solve for α0 : 

0 = (r x c (τe , ϕ e ) −
√ 

σ 2 
s a ) 

√ 

σ 2 
s 

lthough we obviously do not know the values of delay and phase 

hat achieve synchronization, we can change the delay τ and phase 

deliberately and compute: 

(τ, ϕ) := (r x c (τ, ϕ) −
√ 

σ 2 
s a ) 

√ 

σ 2 
s (8) 

hich gives us a parametrisation for α that verifies α(τe , ϕ e ) = α0 . 

Now, we solve the following 2-dimensional minimization prob- 

em in order to estimate α0 : 

min 

τ,ϕ 
rank ( C xx − a α(τ, ϕ) H − α(τ, ϕ) a H ) (9) 
4 
he following theorem tells us which are the solutions to (9) . 

heorem 1. In the non-coherent multipath case, the minimum of 

9) is attained at the unique point (τ, ϕ) = (τe , ϕ e ) . In the coherent

ultipath case, the minimum is attained at multiple points, and the 

nes with the smallest τ correspond to the pairs (τ, ϕ) with τ = τe 

egardless of the value of ϕ. 

roof. First assume that rank ( C xx − a α(τ, ϕ) H − α(τ, ϕ) a H ) is 

inimum. Using Lemma 1 , we have that α(τ, ϕ) satisfies: 

(τ, ϕ) = α0 − q a − B R m 

p 

= Br m s − q a − B R m 

p 

= −q a − B ( R m 

p − r m s ) (10) 

ubstituting (7) in (8) , we also have: 

(τ, ϕ) = 

[ 

r s (τe − τ ) a + 

e j(ϕ e −ϕ) √ 

σ 2 
s 

Br m s (τe − τ ) −
√ 

σ 2 
s a 

] √ 

σ 2 
s 

= (r s (τe − τ ) e j(ϕ e −ϕ) − σ 2 
s ) a + Br m s (τe − τ ) e j(ϕ e −ϕ) (11) 

hen, comparing (10) and (11) , and using that a and b 1 , . . . , b D are

inearly independent, results in: 

q a = (r s (τe − τ ) e j(ϕ e −ϕ) − σ 2 
s ) a 

− B ( R m 

p − r m s ) = Br m s (τe − τ ) e j(ϕ e −ϕ) 

hich, solving for q, leads to: 

 = σ 2 
s − r s (τe − τ ) e j(ϕ e −ϕ) (12) 

nd solving for p leads to: 

 m 

p = r m s − r m s (τe − τ ) e j(ϕ e −ϕ) (13) 

ith this information at hand, now we can exploit the fact that 

 

H R m 

p = 2 R{ q } , as stated by Lemma 1 , and we obtain: 

2 σ 2 
s − 2 r s (τe − τ ) cos (ϕ e − ϕ) 

= ( r H m s − r H m s (τe − τ ) e − j(ϕ e −ϕ) ) R 

+ 
m 

( r m s − r m s (τe − τ ) e j(ϕ e −ϕ) ) (14) 

hile we expect R m 

to be generically invertible for the GNSS ap- 

lication, in other applications it may not be full rank, and so to 

e more general we use the pseudoinverse R 

+ 
m 

here. 

Eq. (14) shows us a necessary and sufficient condition for 

he minimization of rank ( C xx − a α(τ, ϕ) H − α(τ, ϕ) a H ) . In prac-

ice, this condition must be rewritten using the sample averages 

 m 

= (1 /N) M 

H M , r m s (τ ) = (1 /N) M 

H s (τ ) and r s (τ ) = (1 /N) s H s (τ )

rom a set of N consecutive samples, where M = [ m [1] . . . m [ N]] H 

nd s (τ ) = [ s [1 + τ ] . . . s [ N + τ ]] H . With this notation, the condition

14) can be transformed to: 

 s − s (τe − τ ) e j(ϕ e −ϕ) ‖ 

2 = ‖ P M 

(s − s (τe − τ ) e j(ϕ e −ϕ) ) ‖ 

2 (15)

here P M 

= M ( M 

H M ) + M 

H is the projection matrix onto the sub- 

pace defined by the columns of M . The two possible solutions 

f (15) are s − s (τe − τ ) e j(ϕ e −ϕ) = 0 and s − s (τe − τ ) e j(ϕ e −ϕ) ∈
pan { M } . Note that the first solution is valid for any possible type

f multipath, since it does not depend on the matrix M , and it is

quivalent to s = s (τe − τ ) e j(ϕ e −ϕ) , which gives τ = τe and ϕ = ϕ e .

n contrast, the second solution is only valid if s ∈ span { M } , or

quivalently, if one or more multipaths have zero relative delay. 

n this case, we have that s (τe − τ ) e j(ϕ e −ϕ) ∈ span { M } , which gives

= τe + τk for k = 1 , . . . , D regardless of the value of ϕ, if we de-

ote the relative delay of the k th multipath by τk . Among all these 

olutions, the ones with the smallest τ correspond to the pairs 

τ, ϕ) with τ = τe . �

From Theorem 1 , we know that α0 can be obtained from the 

nique point (τe , ϕ e ) that minimizes (9) in a scenario with non- 

oherent multipath. On the other hand, when one or more mul- 

ipaths are coherent with the direct signal, vectors of the type 
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(τe , ϕ) : ϕ ∈ [ −π, π ] are obtained from the points that minimize

9) with the smallest τ . Taking into account these two possible sit- 

ations, in the following section we discuss the final implementa- 

ion of the Power-Based Capon beamformer. 

.2. Implementation 

As we have introduced at the beginning of Section 4 , the idea 

ehind the Power-Based Capon beamformer is to estimate the 

ross-correlation vector α0 and calculate R xx − a αH 
0 

− α0 a 
H . Then, 

he resulting matrix is treated as the correlation matrix used to 

alculate the Capon weights. Given that the solution to (2) is: 

 cap = 

R xx 
−1 a 

a H R xx 
−1 a 

(16) 

he resulting PBC beamformer is: 

 pbc = 

( R xx − a αH 
0 − α0 a 

H ) −1 a 

a H ( R xx − a αH 
0 

− α0 a H ) −1 a 
(17) 

In the non-coherent multipath case, we have already seen that 

0 is estimated from the unique solution of (9) . However, in the 

oherent multipath case, any vector α(τe , ϕ) is obtained regard- 

ess of the value of ϕ. In order to understand the effect of us- 

ng an arbitrary value of ϕ, observe that the resulting correlation 

atrix R xx − a α(τe , ϕ) H − α(τe , ϕ) a H can be written as the sum of
2 
s aa H plus another term corresponding to the correlation matrix 

f a s [ n ](1 − e j(ϕ e −ϕ) ) + Bm [ n ] + v [ n ] . As a result, the PBC beam-

ormer must cancel s [ n ](1 − e j(ϕ e −ϕ) ) with m [ n ] in order to min-

mize the output power, that is: 

 

H 
pbc a s [ n ](1 − e j(ϕ e −ϕ) ) + w 

H 
pbc Bm [ n ] = 0 

hen, when we apply w pbc to the actual scenario of Eq. (1) , the 

esulting signal at the output is: 

 [ n ] = w 

H 
pbc x [ n ] = s [ n ] e j(ϕ e −ϕ) + w 

H 
pbc v [ n ] . (18)

hat is, s [ n ] is distorted by a factor e j(ϕ e −ϕ) , but the multipaths are

liminated. This behaviour is clearly better than the behaviour of 

he traditional Capon. Furthermore, if we set ϕ = 0 , then we guar- 

ntee that the resulting distortion is always equal to e jϕ e , which 

orresponds to the standard carrier-phase synchronisation error of 

he GNSS receiver. In this way, we do not perform any additional 

orrection in the estimated carrier-phase, but we assure that the 

roposed methodology does not worsen the performance of the 

ystem. Algorithm 1 summarizes the whole process: 

Finally note that, in order to implement the proposed method- 

logy, a cost function that properly approximates the rank needs 

o be chosen to avoid errors caused by the use of numerical rank. 

 typical choice found in the literature is the nuclear norm [34] , 

ecause it is a convex approximation to the rank and it leads to 
lgorithm 1 PBC Beamforming. 

Given the received signal x [ n ] and local reference c[ n ] 

1) Calculate R xx and r x c (τ, ϕ) 

2) Obtain C xx and α(τ, ϕ) 

3) Solve arg min 

τ,ϕ 
rank ( C xx − a α(τ, ϕ) H − α(τ, ϕ) a H ) 

if solution is not unique then 

take the one with smallest τ and ϕ = 0 

end if 

4) Obtain corresponding α(τ, ϕ) 

5) Compute w pbc using α0 = α(τ, ϕ) 

s

c  

a

t

d

p

p

t

T  

o  

c

f

a

p

m

5 
he optimal solution under some optimality conditions. However, 

imulations show that in this work it is necessary to use a more 

recise heuristic to approximate the rank. Since there are only two 

ndependent variables τ and ϕ in (9) , which take values in very 

mall intervals of R , in practice it makes sense to perform a two- 

imensional grid search. This opens the doors to use non-convex 

pproximations such as the so-called Schatten p-norm. This norm 

an be understood as a generalisation of the nuclear norm, and it 

s defined as: 

 Q ‖ p = 

( ∑ 

k 

σ p 

k 
(Q ) 

) 

1 
p 

with 1 ≤ p < ∞ (19) 

here Q ∈ C 

N×N , and σk (Q ) is the k th eigenvalue of Q . Note

hat the Schatten p-norm corresponds to the nuclear norm for 

p = 1 . 

The definition (19) also includes the Frobenius norm ‖ Q ‖ 2 and 

he spectral norm ‖ Q ‖ ∞ 

, and with special interest here, it can be

xtended to p ∈ (0 , 1) . If it is extended, then the Schatten p-norm

ecomes a quasinorm, but we can exploit the fact that ‖ Q ‖ p to the

ower of p tends to rank (Q ) when p → 0 . Indeed, raising ‖ Q ‖ p to

he power of p does not change the points where the minimum 

s attained. Then, the lower the value of p, the closer to the mini- 

um rank solution. In practice, however, very low values of p are 

ot recommended, since they can increase significantly the contri- 

ution of those singular values that are not exactly zero but cor- 

espond to the null space of Q . As a result, an intermediate value 

ust be chosen instead. In the results presented in the following 

ection, we have used p = 0 . 2 . 

. Simulation results 

In this section, we present some numerical examples related 

o the implementation of the proposed PBC beamformer. In order 

o show the effectiveness of the methodology, we have first cal- 

ulated the response of the beamformer to multipath and noise, 

nd we plot the results together with those of other representa- 

ive methodologies. In addition, we have also calculated the time- 

elay and carrier-phase of the direct signal that are obtained af- 

er applying these beamforming techniques, and the output er- 

or is represented. For this purpose, we have used a Delay-Locked 

oop (DLL) and a Phase-Locked Loop (PLL), but note that any 

ther specific technique can be used after beamforming, includ- 

ng one that exploits the temporal diversity of the multipath as in 

6–8] . 

Throughout all the simulations, we assume that a linear an- 

enna array receives a Global Positioning System (GPS) signal and 

everal multipath reflections, and that C/N 0 = 45 dBHz . The corre- 

ponding post-despreading versions of the signals have been cal- 

ulated from a triangle function of duration t c = 1 / 1023 ms , with

 given delay, amplitude and phase specified in each figure. This 

riangle function has also been used to generate the filtered ad- 

itive white Gaussian noise. Then, we assume that N p = 31 sam- 

les are taken at each correlation peak, within an interval ap- 

roximately ±t c , and centered at the time-delay obtained from 

he DLL. The integration time of the GPS receiver was set to 

 int = 20 ms , and the observation time to T = 200 ms . The result

f this configuration is x [ n ] in (1) , from which the beamformer is

alculated. 

To begin, we evaluate the response of the proposed PBC beam- 

ormer to three received multipaths when an 8-element antenna 

rray is used. Fig. 2 plots the expected value of the total multi- 

ath power at the output of the beamformer. This power is nor- 

alized with respect to the power of the LOSS with the aim of 
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Fig. 2. Multipath response of different beamformers, versus delay factor ξ . 

The relative powers, delays and phases of the multipaths are given by κm = 

[ 0 . 9 0 . 5 0 . 25 ] , τm = [ 1 . 5 2 2 . 5 ] t c and φm = [ −π/ 4 π/ 2 0 ] rad respectively. 

The DOA’s of the multipaths and direct signal are −20 ◦, 80 ◦, 0 ◦ and 30 ◦

respectively. 
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Fig. 3. Multipath response of PBC versus LOSS power estimation error e s . Each line 
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−20 ◦, 80 ◦, 0 ◦ and 30 ◦ respectively. 
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mphasizingthe LOSS cancellation with the multipaths. In order 

o get the performance for a broad range of correlations, the de- 

ays of the multipaths are defined by the product of a delay factor 

∈ [0 , 1] and a vector τm 

= [ 1 . 5 2 2 . 5 ] t c containing each maxi-

um multipath delay, and the results are represented as a func- 

ion of ξ . When ξ is zero, all the multipaths are received coher- 

ntly, and when ξ = 1 , they are received with delays given by 

m 

. The results corresponding to the Capon (CAP) beamformer are 

lso represented, together with those obtained by additional pre- 

rocessing: spatial smoothing (SSC) and forward/backward (FBC). 

inally, the Delay-And-Sum (DAS) beamformer is also evaluated, 

hich uses the deterministic weights w das = (1 /N) a in all possible 

cenarios. 

As we can see in Fig. 2 , the PBC beamformer clearly outper- 

orms the presented methods for all values of ξ . When ξ = 0 , the 

xact value of ϕ e cannot be estimated from the two-dimensional 

earch given by (9) , and ϕ = 0 is chosen. Thus, the response to

he multipaths is given by the squared absolute value of 1 −
 

j(ϕ e −0) . In contrast, the response of the CAP beamformer equals 

ne when the delay factor is zero, since the cancellation phe- 

omenon takes place. The DAS beamformer performs then bet- 

er than CAP at this point. On the other hand, when the delay 

actor increases, the PBC beamformer immediately mitigates the 

ultipaths, achieving multipath-to-LOSS ratios as low as 10 −2 for 

> 0 . 1 . The response of the CAP beafmormer is also improved,

ut not as much as PBC unless the multipaths are completely un- 

orrelated. For its part, SSC and FBC approaches offer enhanced 

erformance compared to CAP, but they are still far from PBC 

ecause they only achieve a small decrease in correlation. Fi- 

ally, note that the response of the DAS beamformer does not 

hange significantly as a function of ξ , since it is a deterministic 

eamformer. 

In order to provide some insights into the robustness of the 

roposed technique against possible mismatches between the re- 

eived power of the LOSS and the corresponding estimated value, 

he response of the PBC has also been calculated with respect to 

rrors in this estimation. Concretely, Fig. 3 considers the previ- 

us scenario and shows the output multipath power as a func- 

ion of e s = ( ̂  σ 2 
s − σ 2 

s ) /σ
2 
s , where ˆ σ 2 

s is used to denote the es-
6 
imated value of σ 2 
s . Different lines correspond to different val- 

es of ξ , so that several correlations can be considered. As it 

ould be expected, the greater the mismatch, the more multipath 

ower is present at the output. However, as Fig. 3 shows, the ob- 

ained multipath-to-LOSS ratios are about 2 · 10 −2 when the esti- 

ation errors are as high as 25% of σ 2 
s , and they do not exceed 

0 −2 unless the errors on the estimation are greater than 10% . 

hen, while precision in power estimation may play an impor- 

ant role in mitigating the multipath effects, the results provided 

ere show that errors as high as 10% may be tolerated with little 

onsequences. 

Fig. 4 shows the expected value of the noise power at the out- 

ut of the beamformer, also normalized with respect to the power 

f the LOSS. In this case, we notice that the PBC beamformer has 

 good response for all values of ξ . For its part, the CAP beam- 

ormer offers a remarkably higher response than the rest. The rea- 

on is that minimization of the output power implies merging the 

oise with the multipaths, due to the fact that they show some de- 

ree of correlation for short sample records. Additional simulations 

how that this effect can be limited by increasing the time window 

 , since the noise becomes less correlated. For instance, responses 

hat do not exceed 10 −2 can be obtained for T > 1 s . This effect

s somewhat modified by the SSC and FBC approaches. Finally, the 

AS curve shows a lower bound among all beamformers, which is 

onsistent with the fact that it is the beamformer with maximum 

rray gain. 

In Fig. 5 , we show the expected value of the time-delay es- 

imation error at the DLL when a 5-element antenna array is 

sed. We consider that an early-late tracking loop is configured 

ith an early-minus-late power discriminator [35] and a corre- 

ator spacing equal to t c / 4 . Two multipath reflections with τm 

= 

 1 . 5 2 . 5 ] t c are received together with the LOSS, and a dashed

ine is additionally plotted that corresponds to PBC when the 

eference and received signals are synchronized with τ = τe and 

 = ϕ e . As we can see, the most remarkable aspect of the plots

s that the PBC curve does not show any significant variation 

ith ξ . In particular, it shows time-delay errors below 3 m for 

ny delay factor. Thus, the case ξ = 0 is not critical for the 

LL if it is used together with the PBC beamformer. In contrast, 
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Fig. 4. Noise response of different beamformers, versus delay factor ξ . The 

relative powers, delays and phases of the multipaths are given by κm = 

[ 0 . 9 0 . 5 0 . 25 ] , τm = [ 1 . 5 2 2 . 5 ] t c and φm = [ −π/ 4 π/ 2 0 ] rad respectively. 

The DOA’s of the multipaths and direct signal are −20 ◦, 80 ◦, 0 ◦ and 30 ◦

respectively. 

Fig. 5. Output error of a DLL when it is used together with different beamform- 

ers, versus delay factor ξ . The relative powers, delays and phases of the multi- 

paths are given by κm = [ 0 . 9 0 . 5 ] , τm = [ 1 . 5 2 . 5 ] t c and φm = [ −π/ 4 π/ 2 ] rad re- 

spectively. The DOA’s of the multipaths and direct signal are −20 ◦, 80 ◦ and 30 ◦

respectively. 
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Fig. 6. Output error of a PLL when it is used together with different beamform- 

ers, versus delay factor ξ . The relative powers, delays and phases of the multi- 

paths are given by κm = [ 0 . 9 0 . 5 ] , τm = [ 1 . 5 2 . 5 ] t c and φm = [ −π/ 4 π/ 2 ] rad re- 

spectively. The DOA’s of the multipaths and direct signal are −20 ◦, 80 ◦ and 30 ◦

respectively. 
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he DAS and CAP techniques show large variations with ξ , and 

hey generate errors as high as 145 m . For its part, the shape 

f the DAS curve is a subtle variation of the curve that would 

e obtained without beamforming, which happens because this 

eamformer has a spatial attenuation that does not depend on 

. 

Fig. 6 shows the expected value of the carrier-phase estimation 

rror at the PLL considering that it is calculated from the prompt 

orrelation output and using the previous configuration. In this 

ase, note that the results can be misleading in that the CAP beam- 

ormer performs reasonably well, because this technique generates 
7 
ery random phase values for small and medium ξ , and hence 

hey cannot be treated as reliable. This occurs because the mul- 

ipaths cancel the LOSS, and the noise becomes dominant. For its 

art, the PBC approach does not perform any additional correction 

n the carrier-phase when ξ = 0 , and hence it generates exactly the 

ame phase as the DAS approach. The former, however, performs 

etter when the delay factor increases, allowing for very precise 

hase estimates when ξ > 0 . 1 . In contrast, the DAS beamformer 

eads to significant errors until the multipaths are received with 

arge relative delays, similarly to what would be obtained without 

eamforming. 

Finally, in order to consider the effect of the multipath phase 

elative to the LOSS, Figs. 7 and 8 show the delay and phase 

nvelopes of the multipath when a 5-element antenna array is 

sed. They have been calculated as the noiseless time-delay and 

arrier-phase estimation errors at the DLL and PLL respectively, 

hen just one multipath reflection is received together with the 

OSS. The beamformers have been evaluated in two different sit- 

ations that depict the worst possible cases depending on the 

alue of the relative multipath phase. For a fair comparison, the 

esults corresponding to a single-antenna receiver are also rep- 

esented, and they are labeled as traditional . In Fig. 7 , the time-

elay error is calculated in the two situations where the mul- 

ipath is received either constructively or destructively with the 

OSS. The plots show that the CAP beamformer may reach time- 

elay errors that are even worse than the traditional ones, while 

he time-delay errors of PBC are approximately zero for any mul- 

ipath delay. For its part, the results of the DAS beamformer are 

etter than the traditional ones, but they show a similar behaviour. 

n Fig. 8 , the carrier-phase error is calculated in the two situ- 

tions where the multipath is received orthogonally to the to- 

al received signal. In this case, both the CAP and PBC beam- 

ormers generate very low carrier-phase errors except when ξ = 0 . 

t this point, the CAP beamformer generates an error equal to 

 e , since the residual of the cancellation phenomenon becomes 

ignificant in the absence of noise. For its part, the DAS beam- 

ormer is again better than the traditional case, but it has a similar 

ehaviour. 
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Fig. 7. Multipath delay envelope: worst output error of a DLL when it is used to- 

gether with different beamformers, versus delay factor ξ . The relative power, delay 

and phase of the multipath is given by κm = 0 . 25 , τm = 1 . 5 t c and φm ∈ { 0 , π} rad 

respectively. The DOA’s of the multipath and direct signal are −20 ◦ and 30 ◦ respec- 

tively. 

Fig. 8. Multipath phase envelope: worst output error of a PLL when it is used 

together with different beamformers, versus delay factor ξ . The relative power, 

delay and phase of the multipath is given by κm = 0 . 25 , τm = 1 . 5 t c and φm ∈ 
{−2 π/ 3 , 2 π/ 3 } rad respectively. The DOA’s of the multipath and direct signal are 

−20 ◦ and 30 ◦ respectively. 

6

f

f

n

t

n

i

c

C

o

i

a

b

s

t

o

l

t

s

t

c

a

t

c

I

i

n

c

D

c

i

C

w

h

q

v

R

 

 

 

[

[  

 

 

 

 

 

 

. Conclusion 

In this work, we have proposed a novel data-dependent beam- 

orming technique that is based on the well-known Capon beam- 

ormer. This technique aims to avoid the typical cancellation phe- 

omenon between signal and correlated multipaths, and it exploits 

he fact that the direction-of-arrival and power of the direct sig- 

al can be known at the receiver. The proposed procedure first 

dentifies the portion of multipaths that contributes to the can- 

ellation, and then counteracts it before calculating the traditional 

apon weights. It involves calculating the spatial correlation matrix 

f the incoming signal, the cross-correlation between the incom- 

ng signal and a reference signal with variable delay and phase, 

nd implementing a two-dimensional minimization problem. The 

ehaviour of this technique was justified mathematically, and was 

upported by several numerical results. The analysis and simula- 
8 
ions indicate two important scenarios depending on the degree 

f correlation between the signal and multipaths, with the most 

imiting situation occurring in the coherent multipath case. In ei- 

her case, the multipath attenuations obtained by PBC are generally 

uperior to those obtained by other existing techniques, and also, 

he noise response is very satisfactory. Finally, the time-delay and 

arrier-phase observables obtained after the beamforming stage by 

 DLL and a PLL are calculated. We show that, while the obtained 

ime-delay error is approximately zero for any multipath delay, the 

arrier-phase observables strongly depend on the type of scenario. 

n the coherent multipath case, the proposed technique does not 

ntroduce any additional correction in the carrier-phase, and in the 

on-coherent multipath case, the obtained carrier-phase is signifi- 

antly better than that obtained by other existing techniques. 
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