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Closed-Form Approximation for the Steady-State
Performance of Second-Order Kalman Filters
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Abstract—The Kalman filter is adopted in a myriad of applications for providing the minimum mean square error estimation of
time-varying parameters in a simple and systematic manner. However, determining the Kalman filter performance is not so straightforward, particularly when process noise is present. In that case,
one must often resort to numerical evaluations of the recursive
Bayesian Cramér–Rao bound, or alternatively to implement the
filter and assess the performance through Montecarlo simulations.
This letter is intended to circumvent this limitation. It proposes a
closed-form approximation for the steady-state performance of a
Kalman filter based on a second-order dynamic model, while at the
same time providing a novel closed-form upper bound for the convergence time. These two results are obtained by reformulating the
Kalman filter in batch mode and analyzing the inner structure of
the Bayesian information matrix. Simulation results are provided
to illustrate the goodness of the proposed approach.
Index Terms—Bayesian filtering, convergence time, Cramér–
Rao bounds, Kalman filters, steady-state performance.

I. INTRODUCTION
ALMAN filter-based techniques are used in a wide
range of disciplines for the minimum mean square
error (MMSE) estimation of the sample function of some random process [1]. They can be found in target tracking [2], speech
processing [3], carrier tracking for wireless communications and
navigation [4], [5], channel estimation [6], and market model
estimation in financial applications [7], just to mention a few.
From a practical point of view, it is often interesting to determine the best achievable estimation performance in order to
assess whether the user requirements can ultimately be met or
not. To this end, one must resort to the evaluation of the Bayesian
Cramér–Rao bound (BCRB) or the so-called posterior CRB [8].
For the problem at hand, it has the form of a discrete-time Riccati
equation (DARE) that can be evaluated recursively [9]. Unfortunately, a closed-form solution for the BCRB is difficult to
obtain, particularly when it reaches a stationary value due to the
presence of process noise. This often hampers the analysis and
tuning of the Kalman filter in practice, thus forcing the designer
to resort to numerical evaluations or extensive simulations.
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The problem of assessing the Kalman filter performance has
received significant interest in the literature. However, it is often difficult to find simple and clear closed-form expressions
for the BCRB that avoid resorting to numerical or recursive
evaluations. For instance, many works address the solution of
the DARE, but the proposed methods typically involve eigendecompositions [10], [11]. Closed-form solutions have been
proposed in [12] and [13] for second-order models provided
that accurate a priori information is available, which is often
unrealistic in many applications. Other works provide simplified versions of the BCRB at the expense of restricting to the
low- and high-SNR asymptotes of the BCRB [14], even though
some numerical evaluations are still needed at some point.
This letter proposes an alternative approach to compute the
BCRB of Kalman filters that is based on reformulating the problem in batch mode, thus leaving the estimates at the current time
instant as a function of all past measurements in the data record.
Assuming a linear Gaussian model and a diffuse initialization of
the Kalman filter (i.e., noninformative prior), a parallelism can
be made between the Kalman filter and the best linear unbiased
estimator (BLUE). By exploiting this parallelism we are able to
derive a closed-form approximation of the estimates provided
by the Kalman filter and thus of the corresponding performance
lower bound. Furthermore, we also analyze the steady-state behavior of the BCRB when process noise is present, which causes
the BCRB to exhibit a floor effect [1]. For this phenomenon, we
propose a closed-form expression to determine the convergence
time of the filter. This becomes a valuable tool for tuning the
Kalman filter in practice and, to our best, is a novel contribution
of this letter.
To illustrate our approach, the scope of this letter is focused
on second-order dynamic or kinematic models, which are representative of many applications in practice. In that sense, the
contribution of this letter is twofold. First, a closed-form approximated upper bound for the convergence time of the corresponding Kalman filter is provided. Second, an approximation for the
steady-state performance of the Kalman filter is presented. The
proposed approach is generic and can thus be applied to models
with either real or complex parameters. Although a second-order
model is considered here, the proposed method could eventually
be extended to higher order models, even though the derivation
of closed-form expressions is not so mathematically tractable
and remains out of the scope of the present letter.
II. BATCH FORMULATION OF THE KALMAN FILTER
A. Kalman Filter State-Space Model
Let us assume a linear Kalman filter where the state transition
equation is given by
x(n + 1) = Fx(n) + Gv(n)
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where, for the second-order case, x(n) is the two-dimensional
state vector containing the sample functions of the processes we
aim to estimate, and the propagation from x(n) toward x(n + 1)
is done through the (2 × 2) transition matrix F. The term v(n)
is the so-called process noise, which accounts for the possible
discrepancies between the Kalman state-space model and the
actual input signal model, and is modeled as v(n) ∼ N (0, σv2 )
with E[v(i)v ∗ (j)] = 0 for i = j. The process noise propagates
to the rest of states through the constant (2 × 1) matrix G, and
the resulting noise is modeled as a zero-mean Gaussian process
with covariance matrix Q

. 
Q = E |v(n)|2 GGH = σv2 GGH .
(2)
To estimate the sample functions in x(n), we have the following scalar measurements z(n) available
z(n) = Hx(n) + w(n)

(3)

with H the (1 × 2) observation matrix and w(n) the measurement noise corrupting the observations, which is modeled
as w(n) ∼ N (0, σw2 ) with E[w(i)w∗ (j)] = 0 for i = j. The
process and measurement noises are independent zero-mean
Gaussian processes, and thus, E[v(i)w∗ (j)] = E[w(i)v ∗ (j)] =
0 for all values of i and j. In many applications such as radar
tracking, the process noise is small compared to the measurement noise and the system becomes mainly dominated by the
latter [1]. In this letter, we will follow the same approach assuming that σw2  σv2 .

For each of the incoming measurements, the Kalman filter
provides the sequential MMSE estimate of x(n) as
(4)

where x̂(n|n − 1) = Fx̂(n − 1) is the propagated state vector,
K(n) is denoted as the Kalman gain, and ẑ(n) = Hx̂(n|n − 1)
is the measurement prediction [15]. The estimation performance
.
is given by the covariance matrix of the state estimate, Σx (n) =
H
E[(x̂(n) − x(n))(x̂(n) − x(n)) ], which is lower bounded by
the BCRB:
Σx (n) ≥ J−1
B (n)

terms of x(n) as a function of x(n + 1) as
x(n) = F−1 (x(n + 1) − Gv(n))

(8)

which allows x(n − τ ) to be computed as a function of x(n) for
τ = {1, 2, . . . , (n − 1)}. In this way, the measurement model at
any (n − τ ) can be written as
z(n − τ ) = HF−τ x(n) −

τ


HF−(τ −l+1) Gv(n − l)

l=1

+ w(n − τ )

(9)

thus leading to the following batch-mode signal model as a
function of the Kalman state vector at time n, x(n). That is
zn = An x(n) + Bn un

(10)

where An , Bn , and un are (n × 2), (n × (2n − 1)), and ((2n −
1) × 1) matrices given by

. 
(11)
An = HF−(n −1) ; HF−(n −2) ; · · · ; H
⎤
⎤
⎡ ⎡
−HF−1 G · · · −HF−(n −1) G
⎥
⎢ ⎢
0
· · · −HF−(n −2) G ⎥
⎥⎥
⎢ ⎢
⎥
⎢
⎥
⎢
.
..
..
⎢
⎥⎥
..
(12)
Bn = ⎢
⎥
⎥
⎢In ⎢
.
.
.
⎥⎥
⎢ ⎢
−1
⎦
⎦
⎣ ⎣
0
···
−HF G
0
···
0
.
T
un = [ w(1) w(2) · · · w(n) v(1) v(2) · · · v(n − 1) ] (13)

B. Kalman Filter Estimates and Recursive BCRB

x̂(n) = x̂(n|n − 1) + K(n) (z(n) − ẑ(n))
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(5)

with JB (n) the Bayesian information matrix (BIM). Even
though there exists no closed-form expression of the BCRB
for the linear Gaussian model under consideration, the BIM can
be computed recursively as [1]


H −1
JB (n) = Q + FJ−1
+ σw−2 HH H (6)
B (n − 1)F
which simplifies the computation of the BCRB. However, this
expression still lacks the insights that a truly closed-form expression can unveil.
C. Batch-Mode Estimates and Performance Lower Bound
Let us first start by stacking the measurements in (3) for all
time instants up to n into the following (n × 1) vector
.
T
zn = [ z(1) z(2) · · · z(n) ] .
(7)
We assume that F is nonsingular and therefore the problem is
well posed for state estimation.1 Then, (1) can be expressed in
1 This makes the system reachable, so there exists a finite sequence of v(n),
n = 0, 1, n  such that any initial state vector x(0) can be transferred to any
final state x(n  + 1) [16].

with In the (n × n) identity matrix. The Kalman filter is known
to provide the linear MMSE (LMMSE) estimate of x(n). However, when considering a diffuse initialization of the Kalman
filter, the problem in (10) can be reinterpreted as that of estimating a vector of unknown deterministic parameters x(n) from
Gaussian measurements zn ∼ N (An x(n), Σz n ), with (n × n)
covariance matrix

. 
H
H
Σz n = E Bn un uH
(14)
n Bn = Bn Σu n Bn
.
where Σu n = diag([ σ 2w ,(1×n ) σ 2v ,(1×(n −1)) ]) encompasses
both the measurement and the process noise variances for all
time instants. Given the linear nature of the problem, the optimal batch-mode estimator of the state vector x(n) is given by
the BLUE [17]
−1
x̂(n) = AH
n Σz n An

−1

−1
AH
n Σz n zn

(15)

which is also the minimum variance unbiased (MVU) estimator, thus attaining the corresponding (2 × 2) Fisher information
matrix (FIM)
−1
J(n) = AH
n Σz n An .

(16)

In the absence of a priori information, both the Bayesian
and the frequentist approaches coincide [17], thus leading to
JB (n) = J(n). Therefore, we will henceforth make use of (16)
to lower bound the estimation performance of the Kalman filter,
namely Σx (n) ≥ J−1 (n).
III. FISHER INFORMATION MATRIX
A. Inner Structure of the Fisher Information Matrix
In order to derive a closed-form expression for the FIM in
(16) we first need to get some insight into the inner structure of
Σz n . To do so, we will exploit the result in (14) and the inner
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structure of both Bn and Σu n . Matrix Σz n can be decomposed
into two terms as follows
Σz n = σv2 Mn + σw2 In

(17)

with Mn a nonnegative (n × n) symmetric matrix whose constituent elements are formed by cross-products of matrices H,
F, and G according to (14). By further inspection, it is found
that the main diagonal elements of Mn are given by
[Mn ]k ,k =

n
−k


HF−m G .
2

(18)

m =1

The computation of the FIM in (16) requires the inverse matrix of Σz n . It is interesting to compute Σ−1
z n using a single
expression that avoids the inverse operation as such. For this
purpose, we take advantage of the knowledge of Mn , and we
propose the following approximation for Σz n
.
 n + σ 2 In
(19)
Σz n = σv2 M
w
.
 n = dM dH is defined herein as an approximated
where M
n
Mn
. 
version of Mn with dM n = diag(Mn ) the (n × 1) vector
containing the diagonal elements of Mn in (18).

Fig. 1. Comparison between recursive BCRB for [J −1
B (n)]1 , 1 and CRB for
[J −1 (n)]1 , 1 with different versions of M n .

B. FIM for Second-Order Dynamic Models
In the remainder of this letter, we consider a time-varying
magnitude whose discrete-time evolution follows a secondorder dynamic model, which can be understood as a random
walk with a random-walk drift. The following state-space model
is adopted:

 


 
θ(n)
1 1 θ(n − 1)
1/2
=
v(n)
(20)
+
0 1 θ̇(n − 1)
1
θ̇(n)
.
where, according to Section II-A, we define x(n) =
T
.
.
[θ(n) θ̇(n)] , F = [ 10 11 ], and G = [1/2 1]T . The measurements for the problem at hand are given by
z(n) = θ(n) + w(n)

(21)
.
and therefore by direct comparison with (3), H = [ 1 0 ].
The diagonal elements of Mn in (18) depend on the product HF−m G. Substituting the matrices H, F, and G introduced above, it can be found that HF−m G = 12 − m. Then,
substituting into (18), the diagonal elements of Mn and there n become
fore the constituent elements of M

k
(4k 2 − 1).
[dM n ]n −k =
(22)
12
Model orders higher than two would lead to an extended version
of (22), even though closed-form expressions are difficult to find.
This seriously hinders the subsequent derivation of closed-form
expressions for the FIM and the convergence time, thus leaving
this approach out of the scope of this letter.
In Fig. 1, we evaluate the tightness of the approximation
above choosing σw2 = 10−5 and σv2 = 10−8 consistently with
the assumption that σw2  σv2 . Fig. 1 depicts the BCRB for
−1
[J−1
B (n)]1,1 compared to [J (n)]1,1 under the approximated
version of Mn and also when neglecting Mn in (17) (i.e., zero
process-noise). The approximation is seen to provide a tight
match with the BCRB while the Kalman filter is in its transient stage and also at the starting region of the steady state.
In contrast, when neglecting Mn we never reach such steady
state. This observation supports the importance of Mn and its

Fig. 2. Asymptotic evolution of Tr(Σ z n ) versus the constituent elements of
Σ z n in (17).

proposed approximation, which greatly simplifies the computation of both the Kalman convergence time and the performance
bounds in steady state.
IV. APPROXIMATION OF KALMAN FILTER CONVERGENCE TIME
AND STEADY-STATE PERFORMANCE
A. Closed-Form Approximation for the Convergence Time
The proposed approach for determining the Kalman convergence time is based on observing the evolution of the trace of
Σz n in (17) over n. For small n, it is dominated by the component of the measurement noise σw2 . When enlarging the data
record, there is a change of trend at some point at which the
component of the process noise σv2 starts being dominant. This
situation remains then for n → ∞ (i.e., steady state). That point
becomes thus the turning point that determines the transition
toward the steady-state region. Therefore, the intersection point
between both contributions is considered to be given when the
Kalman filter reaches its steady state.
Fig. 2 illustrates the phenomenon above by comparing the
trace of Σz n to the measurement and process noise contributions
in (17) using the same values of σw2 and σv2 employed in Fig. 1.
Both contributions intersect at the sample index n = 25, which
coincides with the convergence time in Fig. 1.
In order to derive the Kalman convergence time, the decomposition of Σz n in (17) fortunately allows us to provide a simple
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and compact expression to work with. Using (22) for the diagonal elements of Mn , the trace of Mn is given by
n −1

k
n
4k 2 − 1 =
(n − 1) 2n2 − 2n − 1 .
12
24
k =0
(23)
With this, the trace of Σz n becomes

Tr (Mn ) =

Tr (Σz n ) =

σv2
γ(n) + σw2 n
24

(24)

.
with γ(n) = n(n − 1)(2n2 − 2n − 1), and therefore, the time
at which the intersection point takes place, denoted herein as
2
nc , can be found as the solution to the equality σ24v γ(n) = σw2 n.
Substituting γ(n) and after some manipulations, we find that
the Kalman filter convergence time can be obtained as the real
positive root of the following third-order polynomial:


σw2
3
2
fc (n) = 2n − 4n + n + 1 − 24 2 .
(25)
σv
The polynomial in (25) has only one real root (i.e., unique real
solution for nc ) when the discriminant is Δ(fc ) < 0, which is
guaranteed when σw2  σv2 . Under this assumption, and after
some more mathematical manipulations, it is found that the
convergence time can be approximated in closed-form by

1/3
σ2
2
.
nc ≈ + 12 w2
= ñc .
(26)
3
σv
The lack of a priori knowledge due to the diffuse initialization
leads the convergence time to be maximum, since the filter has
initially no clue (i.e., maximum initial uncertainty) about the
parameters to be estimated. The result above can therefore be
understood as an upper bound on the convergence time.
B. Closed-Form Approximation for Steady-State Performance
By inspection of (16) the entries of the FIM are given by
[J(n)]1,1 = 1T Σ−1
zn 1

(27)

[J(n)]1,2 = −η Tn Σ−1
zn 1

(28)

[J(n)]2,2 = η Tn Σ−1
zn ηn

(29)

where [J(n)]1,2 = [J(n)]2,1 . The expressions above manifest
that the FIM in (16) involves the computation of Σ−1
z n . Thanks
to the decomposition in (17) and the approximation of Mn in
(19), we can apply the matrix inversion lemma on the inverse of
(19) to obtain a closed-form approximation for Σ−1
z n as


−1
1
6σv2
T
dM n dM n .
(30)
Σz n = 2 In −
σw
24σw2 + γ(n)σv2
Replacing Σ−1
z n in (27)–(29) with the approximation in (30), we
obtain the following closed-form approximation of the FIM:

−1
−1 
η Tn Σz n η n η Tn Σz n 1
1
−1
(31)
J (n) =
α(n) η T Σ−1 1 1T Σ−1 1
n

zn

zn

−1
−1
−1
−1
.
where α(n) = 1T Σz n 1η Tn Σz n η n − η Tn Σz n 1η Tn Σz n 1 and
.
η n = [(n − 1), (n − 2), . . . , 0]T . However, as shown previously in Fig. 1, this approximation can be applied up to the
beginning of the steady state, n = nc , and loses its validity

Fig. 3. Comparison between steady-state estimation performance and
proposed approximation for [J −1 (n)]1 , 1 in (32).

when n → ∞. Therefore, we approximate the performance
lower bounds for the parameters of interest in steady state as




−1
lim J−1
B (n) 1,1 ≈ J (nc )

n →∞





−1
lim J−1
B (n) 2,2 ≈ J (nc )

n →∞

−1

1,1

=

η Tn c Σz n c η n c

=

1T Σz n c 1

α(nc )

(32)

−1

2,2

α(nc )

.

(33)

To illustrate the applicability of our approach in a broader domain than Figs. 1 and 2, simulation results are provided in Fig. 3
for a wider range of values of σw2 and σv2 , under the condition
σw2  σv2 . The experimental performance of the Kalman filter
given by the variance of [x̂(n)]1 in steady state is compared to
the approximation of [J−1 (n)]1,1 in (32) using ñc in (26). A
tight match between the exact result and the proposed approach
can be drawn in the central operating region. Some discrepancies appear when σv2 → 0, but this is consistent with the fact that
the proposed method is applicable on the performance floor of
the Kalman filter, which appears under the steady-state regime
whenever σv2 = 0. It is for this reason that mismatches tend to
attenuate when σv2 departs from zero, as observed in the figure.
With this, we can confirm the effectiveness of the proposed approach for low-medium (i.e., σv2 ∼ 10−10 ) to high σv2 , up to the
point where the condition σw2  σv2 no longer holds.
V. CONCLUSION
In this letter, two major results have been presented. First, a
novel closed-form approximated upper bound for the convergence time of a second-order Kalman filter. Second, a closedform approximated lower bound for the estimation performance
in steady state. Both results have been obtained by reformulating the Kalman problem in batch mode and analyzing the
behavior of the constituent elements of the Fisher information
matrix. These expressions allow characterizing the Kalman filter explicitly as a function of the parameters of the problem,
an information that remains somehow hidden in the recursive
BCRB. Therefore, the results provided herein become a valuable tool for the practical tuning and performance evaluation of
Kalman filter-based applications.
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