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Abstract—Plug-in electric vehicles (PEVs) have recently at-
tracted much attention due to their potential to reduce CO2 emis-
sions and transportation costs and can be grouped into entities
(aggregators) to provide ancillary services such as frequency reg-
ulation. In this paper, the application of aggregators to frequency
regulation by making fair use of their energy storage capacity is
addressed. When the power grid requires frequency regulation
service to the aggregator to adjust the grid frequency, the PEVs
participating in providing the service can either draw energy (as it
is usually done to charge the vehicle) or deliver energy to the grid
by means of the vehicle-to-grid (V2G) interface. Under the general
framework of optimizing the aggregator profit, different methods,
such as state-dependent allocation and the water-filling approach,
are proposed to achieve a final state of charge (SOC) of the PEVs
that satisfy the desired fairness criteria once the regulation service
has been carried out.

Index Terms—Aggregator, fairness, frequency regulation ser-
vice, plug-in electric vehicle (PEV), state of charge (SOC), vehicle
to grid (V2G).

I. INTRODUCTION

A. Motivation and Background

E LECTRIC power systems are experiencing a profound
change driven by the need for environmental compromise

and energy conservation. To this aim, the electric power grid
must be transformed into a “smart grid,” where computing and
communication technologies and services are integrated with
the electric power infrastructure [1]. In this paradigm, plug-in
electric vehicles (PEVs) are considered key actors in the new
electric power framework due to their potential to reduce CO2

emissions and transportation costs [2]–[4]. The progressive
deployment of PEVs predicted for the next few years leads to
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very carefully consider the implications and advantages derived
from a large number of PEVs connected to the smart grid [5],
[6]. As an example, the U.S. Department of Energy estimates
that there will be more than 1.2 million PEVs by the end of
2015 [7].

Frequency regulation (or simply regulation) is an ancillary
service that is responsible for maintaining the frequency of the
grid at its nominal value (60 Hz in the United States and 50 Hz
in Europe), i.e., to control the frequency fluctuations in the grid
[8]. These frequency variations are caused by supply–demand
imbalances, and therefore, generation should match the load de-
mand to compensate for the fluctuations. Among the ancillary
services, regulation has the highest market value for PEVs and
is profitable for both PEVs and market operators [9].

Two different regulation services can be found based on the
matching between power generation and total load (see Fig. 1).
Regulation-down service consists in matching generation and
load when the former is larger than the latter, i.e., there is
an excess of power in the grid that causes an increase in
the value of the frequency. On the other hand, regulation-up
service consists in matching generation and load when there
exists a deficit of power that causes a decrease in the frequency
(load is larger than generation). Regulation services can be
provided by dispatching generation to match the load [10]–[12]:
Generators can provide regulation-down or regulation-up by
reducing their production or giving energy to the grid, re-
spectively, to match the load. However, the fast-responding
generators required for frequency regulation operation, such
as wind power systems, photovoltaic generators, or natural gas
and coal units, are usually expensive and/or have large carbon
emissions. Similarly, controllable loads such as batteries and
flywheels can also provide regulation-up and -down services,
where regulation-up and -down are provided by turning off and
on the energy storage system, respectively [13]–[15]. These
regulation services are said to be unidirectional as the energy
only flows from or to the grid.

Alternatively, PEVs can be proposed to perform regulation
service [16]; when they are parked and plugged into the grid,
they can be used as a large virtual distributed battery or
generator.1 Regulation-down can be done by charging the PEV
batteries from the grid, and regulation-up can be achieved by
discharging the PEV batteries to the grid. This latter case
permits energy to flow from the vehicle to the grid and is

1Note that, although PEVs are understood to be pure electric vehicles, plug-
in hybrid electric vehicles can also be used to provide frequency regulation
service.
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Fig. 1. Example of frequency regulation.

commonly referred to as vehicle-to-grid (V2G) operation [17].
Therefore, the regulation service offered by the PEVs is bidi-
rectional since the energy flows from and to the grid. In the
remainder of this document, the term V2G regulation is used to
denote bidirectional regulation when V2G is used to perform
regulation-up.

Nevertheless, although PEV owners may obtain some benefit
by individually providing frequency regulation service [16],
[18], [19], the use of electric vehicles (EVs) for V2G regula-
tion only makes sense if a large number of them are jointly
considered and the resulting resources (sum-power or sum of
reserved energy capacity) are managed by an aggregator [20].
Aggregators (also known in the related literature as aggre-
gation agents) are intermediate companies or computational
entities that organize distributed small-scale generation/storage
resources to provide large-scale services, such as regulation
and capacity bidding. Therefore, aggregators play a key role
between users and the independent system operator (ISO),
whose relation is further explained in the next section. In the
present case, aggregators manage the PEV batteries and offer
frequency regulation service. Moreover, the regulation service
only has a significant impact on the electrical network if it is
provided and sold in the electricity market by a large fleet of
PEVs and not by individual PEVs [21], given the very small
energy that PEVs can provide (some kilowatt-hour), compared
with the total grid demand (on the order of megawatt-hour).

However, the most relevant characteristic of an aggregator
for PEVs is the mobility factor inherent to any vehicle. Mobility
implies that a PEV may provide ancillary services from its very
location, no matter where that location is.2 In addition, this
leads us to another important challenge: Two-way communi-
cations between the aggregator and the PEV are essential to
manage services provided by PEVs. Finally, another important
challenge is that the aggregator has to deal with the classical
energy flow from the grid and also with the recently approved
interface that allows one to draw power electricity from the
PEVs to the grid, i.e., the V2G interface. All these character-
istics are considered in this paper, as detailed throughout the
next two sections.

2Obviously, if there exists a plug and the vehicle is not moving.

B. Related Work

After the series of works of Kempton and Tomic [9], [16],
[22] showing the economical value of regulation service with
the participation of EV aggregator, it is only over the last few
years in which this topic has attracted the interest of the research
community.

Two trends are observed in the design of PEV aggregators for
regulation service. The first trend is to consider that both up-
and down-regulation are provided by means of unidirectional
regulation on the basis that a day-ahead generation schedule
can be predicted. In this case, energy is delivered by the grid
to the loads. As generation must match the load to keep the
nominal frequency, frequency deviations are compensated by
making loads controllable when generation does not follow the
predicted generation schedule. This is also known as “load-
only” regulation: When the controllable loads are the PEVs,
battery regulation is achieved by scheduling the periods of
time when the batteries are charged around a target level of
charge [23]. Han et al. presented an optimal charging strategy
for frequency regulation under the control of aggregators [24],
where the objective is that each PEV charges until its desired
state of charge (SOC) is reached, and the regulation service
is done by controlling the charging periods of the vehicles.
However, they consider neither any frequency regulation signal
nor the real-time power required for regulation. Sortomme and
El-Sharkawi proposed an algorithm to maximize the aggregator
profit while regulation is performed by varying the PEV’s
charging rate around its preferred operating point (POP), and
the optimal POP is calculated [25]. In the same line, EVs can be
considered as controllable loads to accommodate the intermit-
tency of renewable power generators and to perform frequency
regulation [26]. Pillai and Bak-Jensen proposed aggregated EV-
based battery storage models representing a V2G system for
frequency regulation in the Danish power system [27], [28].
However, they do not evaluate the aggregator profit, and power
is evenly distributed among the PEV participants.

The second alternative is to provide V2G regulation, where
the PEV charges its battery for regulation-down and discharges
the battery for regulation-up. In contrast with unidirectional
regulation, energy flows from the grid to the PEV (regulation-
down) and from the PEV to the grid (regulation-up). White and
Zhang extended the model of Kempton [22] to the nonexclusive
use of V2G for regulation and peak-load reduction [29]. A
related work is done by Quinn et al. [30], comparing the
centralized architecture (EVs directly connected to the ISO)
with the aggregative architecture in terms of availability, relia-
bility, and revenue. They conclude that, although the revenue is
reduced if the aggregative architecture is used, the centralized
architecture is less reliable and provides lower availability, as
well as being unacceptably complex and unscalable to utilities.
In [31], the conditions under which plug-in hybrid EVs can
generate revenues from Sweden and Germany are investigated,
although costs are not included in the analysis. In [32] and
[33], Kamboj et al. discussed different strategies to form PEV
coalitions, which are represented by a multiagent system, with
the objective of efficiently using the PEVs for the regulation
service. Dallinger et al. evaluated in [34], for the German case,
the economic impact of the unpredictable mobility of the EVs
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when they provide regulation power reserves and an aggregator
is not used. Wu et al. presented a game-theoretic approach that
considers PEVs as players [35]. In the proposed game, PEV’s
participation in regulation is encouraged through pricing.

In [24], [25], and [33], in one form or another, the individual
desired level of charge for the EV after regulation service is
considered. Nevertheless, none of them is oriented to globally
achieve a power distribution among the PEVs that can be
considered fair according to a desired criterion, which is the
goal of our paper.

C. Our Contribution

It can be discussed whether unidirectional regulation is more
convenient than V2G regulation. However, unidirectional reg-
ulation reduces the participation of the PEVs in regulation3

and also offers lower power levels [25]. Moreover, the fre-
quent and small charge and discharge of the battery (shallow
cycling) increases the battery lifetime in terms of the total
energy delivered by the battery during its lifetime, which is also
known as energy throughput [29], [36]. Therefore, although
V2G regulation requires some additional hardware, profits are
considerably higher than those obtained with unidirectional
regulation when the objective is to maximize the participants’
profit; then, V2G regulation is adopted for all the schemes
developed in this work.

In this paper, different criteria are investigated for the fair
distribution of power for V2G regulation service among the
PEVs that form the aggregator based on the optimization of
the aggregator profit. Two-way communications are taken into
account to keep the information updated after each regulation
signal. Thus, this study is focused on the resulting SOC of the
PEVs after each regulation instant. It is assumed, for all the cri-
teria under study, that the optimization problem is constrained
by the fact that the SOC of each PEV’s battery must be between
a maximum (SOCmax) and a minimum (SOCmin) level. The
profit obtained by PEVs is also calculated.

The contributions of this paper are, on the one hand, a general
formulation of the aggregator maximization problem for V2G
regulation and, on the other hand, the schemes that implement the
different criteria to achieve different degrees of fairness among
the PEVs. More specifically, the following issues are developed:

1) state-dependent utility scheme that proportionally allo-
cates power to the PEVs according to their available
battery;

2) water-filling algorithm for V2G regulation, which departs
from the charging dynamics approach (see Section V) and
exploits the similarities between the power distribution
problem for V2G regulation and the power allocation
problem for parallel channels in communications;

3) variance minimization scheme that minimizes the SOC
variance with respect to the mean SOC average of the
participating PEVs.

These schemes, together with the even power distribution,
are compared through the fairness index (FI), which is defined
in Section IX: the results section.

3For example, if an EV has its maximum level of charge, it cannot participate
in regulation since it is unable to charge any additional power.

Fig. 2. Power system model.

The remainder of this work is organized as follows: In
Section II, the system model is presented, which includes power
system, frequency regulation market, revenue, and cost models.
In Section III, the general problem of aggregator profit max-
imization is formulated. The state-dependent utility approach
is introduced in Section IV. Section V presents the charging
dynamics approach, which is the base for the development of
the water-filling algorithm detailed in Section VI. The FI is
presented in Section VII, where the problem is formulated in
terms of the FI. The variance minimization approach is detailed
in Section VIII. Results are presented in Section IX, and finally,
conclusions are shown in Section X.

II. SYSTEM MODEL

A. Power System Model

Consider the system shown in Fig. 2. The main components
of the system are the power grid, ISO, aggregator, and PEVs.
We assume that N is the number of PEVs associated with an
aggregator that is ready to provide regulation in real time during
the compromised period, assuming also that N is large enough
(on the order of hundreds of vehicles) to provide the capacity
and electricity required for frequency regulation. If frequency
regulation is needed by the power grid, the ISO requests V2G
regulation to the aggregators and determines the market price
for frequency regulation based on the bids submitted by the
aggregators. Two-way wired or wireless communications are
established to communicate the aggregators, ISO, power grid,
and PEVs among them according to its representation in Fig. 2.

Let us define Pn
C(l) as the capacity power of EV n for

regulation-up and -down (in kilowatts) at l and Pn(l) as the
electricity power of EV n for regulation-up and -down (in
kilowatts) at l. For the sake of simplicity, power variables are al-
ways positive for all n = 1, . . . , N : Pn(l) � 0 and Pn

C(l) � 0.
In the model, Pn

C(l) and Pn(l) are the variables of the optimiza-
tion problem, whereas the approaches mentioned in Section I-B
consider only the electricity power or the total capacity power.
The reason to consider capacity power distribution among the
PEVs at each regulation instant l is that it influences the SOC at
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TABLE I
LIST OF MAIN SYMBOLS

each instant, as shown in Section III. It also affects the PEV
profit since each EV is paid for its reserved capacity, and it
can even sign a different contract with the aggregator, which
may depend, for instance, on the size of the battery or a desired
number of services per hour/day/month.

V2G regulation is requested by the ISO at instants spaced
L seconds apart, and our proposed schemes provide possible
power allocations at each of these instants l. That is, if the V2G
regulation service is required every L = 4 s during 1 h, then the
allocation problem, under any of the provided criteria, is solved
3600/4 = 900 times (see Table I).

B. Frequency Regulation Market Model

The ancillary service market price structure is followed
throughout this paper [16], where the price has two compo-
nents: 1) a capacity price (paid for having power available for a
specific service for up- or down-regulation) denoted as pC and
2) an electricity price (paid for the power actually delivered in
real time for up- or down-regulation) denoted as pel. Capacity
price pC is paid to have reserved available power, whereas
electricity price pel is paid only when power is actually used.
Both prices are fixed by the ISO in two independent auctions,
where pC is kept constant usually for a period of 1 h, and pel
is updated at each instant l. These prices are valid for both up-
and down-regulation. The scheme of this frequency regulation
market is shown in Fig. 3.

The aggregator modulates the charging/discharging process
of each PEV according to its capacity and current SOC
SOCn(l), following the regulation signal x that the aggregator
receives from the ISO. Note that x may be either directly sent by
the ISO or straightforwardly generated by the aggregator from
the regulation service direction (up or down). The regulation
signal x takes value 1 for regulation-up and takes value −1 for
regulation-down, i.e.,

x =

{
−1, regulation-up
1, regulation-down.

(1)

Once the aggregator has submitted its power bid P bid
C (for

regulation-up or -down) for the next hour, if the bid is accepted

Fig. 3. Framework of the frequency regulation market and information flow
for regulation service at instant l.

by the ISO, then price pc is stated, and P bid
C is evenly distributed

during the next hour. For instance, if L = 15 min and P bid
C =

10 MW-h, at each instant l, we have PT
C (l) = 2.5 MW. Next,

four actions take place at each regulation instant l during the
following hour.

1) The capacity power Pn
C(l) for each PEV is calculated

by the aggregator and reserved according to the required
PT
C (l). The value of the signal regulation x indicates

whether regulation-up or -down is required.
2) The ISO communicates to the aggregator the power re-

quirement PT (l) at instant l, and the V2G regulation
power Pn(l) is calculated by the aggregator according to
the power PT (l).

3) The aggregator communicates to each PEV n the power
Pn(l) to be exchanged with the grid, according to x.

4) Finally, each PEV draws/delivers Pn(l) from/to the grid.
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The time between consecutive instants can vary from L = 4 s
to L = 15 min [37], and usually, the time between consecutive
regulation instants is kept constant during the period for which
the capacity reserve has been required, which is commonly 1 h.

C. Revenue of the PEVs

There exist different revenue schemes in the related literature
for regulation-up and regulation-down. It may be assumed
that, for regulation-down, a PEV only obtains revenue from
the capacity service as it receives energy (see, for instance,
[30]). Another possibility is to consider that, although the PEV
receives energy while providing regulation-down, it provides a
service that must be paid by allowing to be transferred some
energy (e.g., [29] and [38]). The latter is adopted in this work,
also considering a unique price pel for both regulation-up and
regulation-down. Since there exist two sources of revenue, i.e.,
capacity price and electricity price, the revenue for each PEV n
is defined accordingly as

rn = pcP
n
c (l) + pelP

n(l). (2)

D. Cost Model

The cost to produce V2G regulation-up or -down is the
cost associated to each kilowatt times the number of kilowatt
required to a certain PEV n, i.e., Pn. The cost to produce
regulation-down is assumed to be zero because regulation-down
is equivalent to charging the vehicle. The total cost in U.S.
dollars per kilowatt-hour for bidirectional frequency regulation
provided by PEV n is denoted by cn and calculated as [9]

cn =
cel

ηconv
+ cd (3)

where cel is the cost per purchased power in U.S. dollars per
kilowatt-hour, ηconv is the efficiency of the vehicle’s conver-
sion of electricity through batteries back to electricity, and cd
represents the cost of battery degradation due to extra use for
V2G regulation in U.S. dollars per kilowatt-hour. While cel is
simply equal to the electricity price pel, the calculation of the
degradation cost cd involves more details, as we will show next.

The degradation cost cd can be estimated, for deep cycling of
the battery (typically around 90%), as [9]

cd =
cb + cl

Lc E DOD
(4)

where cb is the total cost of the battery in U.S. dollars, cl is
the labor cost of battery replacement in U.S. dollars, Lc is the
battery lifetime for a certain depth of discharge (in number of
cycles), E is the battery capacity (in kilowatt-hour), and DOD is
the depth of discharge with respect to the current state of charge
SOCn for which Lc was determined.

However, for V2G regulation, the battery experiences re-
peated charging and discharging in fast succession, which can
be viewed as shallow cycling (typically around 3%). In this
case, a scaling factor can be used for the shallow depths of
discharge associated with V2G regulation [9], [29], [30]. To be
consistent with these previous works, a scaling factor of three

is used, and the degradation cost for V2G regulation can then
be expressed as

cd =
1
3
· cb + cl
Lc E DOD

(5)

where the values of Lc, E, and DOD are those used to calculate
the degradation cost for deep cycling in (4). This means that the
battery degradation cost for V2G regulation is one third of the
cost when compared to deep cycling.

III. AGGREGATOR PROFIT MAXIMIZATION:
GENERAL PROBLEM FORMULATION

Our objective in this work is to investigate different strate-
gies to allocate power among the PEVs forming part of an
aggregator for frequency regulation service and, at the same
time, to achieve the SOCs of the PEVs globally meeting
a given fairness criterion (e.g., minimum variance from the
average value or proportional fairness). These strategies are
implemented through the optimization of the aggregator profit.

In this section, the general problem of maximizing the total
profit obtained by the aggregator is formulated, where the total
profit is defined as the sum of the PEV profits. Taking into
account the associated cost from Section II-D, the utility (profit)
function of PEV n is expressed as un(l) = rn − cn for both
regulation-up and -down

un(l)=

{
pcP

n
C(l)+

(
pel−

(
pel

ηconv
+cd

))
Pn(l), reg. up

pcP
n
C(l)+pelP

n(l), reg. down
(6)

and the resulting total aggregator profit U(l) is

U(l) =

N∑
n=1

un(l). (7)

We recall that, as stated in Section II-D, the cost for regulation-
down is 0, given that regulation-down is the same as charging
the vehicle; thus, it is “free charging” when the EV provides
regulation-down [9].

The time dependence with l can be removed from the vari-
ables to alleviate the notation once it is established that the
problem is solved at each instant l. Hence, the problem is
formulated at any arbitrary instant as

max
Pn

C
,Pn

U =
N∑

n=1

un (8)

s.t.
N∑

n=1

Pn
C = PT

C (9)

N∑
n=1

Pn = PT (10)

SOCn
max � SOCn + xνnPn, n = 1, . . . , N (11)

SOCn + xνnPn � SOCn
min, n = 1, . . . , N (12)

SOCn
max � SOCn + xνnPn

C , n = 1, . . . , N (13)
SOCn + xνnPn

C � SOCn
min, n = 1, . . . , N (14)

Pn � 0, Pn
C � 0, n = 1, . . . , N (15)
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where νn is the charging efficiency of PEV n, (9) reflects the
total power capacity constraint for regulation-up and -down,
(10) indicates the total submitted electricity constraint for
regulation-up and -down, and (11)–(14) show the maximum/
minimum achievable SOC constraints for the electricity and
capacity power. Note that SOCn, SOCn

max, and SOCn
min are

expressed as power levels (in kilowatts), considering that the
power is delivered during a period of time equal to the duration
of an interval l. This problem is a linear problem (and, hence,
convex) and can be optimally solved by standard optimization
methods.

IV. PROFIT OPTIMIZATION WITH

STATE-DEPENDENT UTILITY

The general problem formulation presented in Section III
does not contemplate fair power allocation among the PEVs.
This means that the PEVs with a low SOC might provide large
power for regulation-up and reach the minimum level, which
is not desirable. Analogously, PEVs with high SOC might be
charged with large power for regulation-down service and reach
the maximum level. Both undesired situations can be avoided
by relating the power contribution to the SOC, and therefore,
the following weighting factors are introduced:

αn
up

Δ
=

SOCn(l)− SOCmin

SOCmax − SOCmin
(16)

αn
d

Δ
=

SOCmax − SOCn(l)

SOCmax − SOCmin
. (17)

Let us consider first the case of regulation-up. It can be observed
from (16) that, if a battery is at its lowest level, i.e., SOCn(l) =
SOCmin, then αn

up = 0. On the other hand, if a battery is at
its highest level, i.e., SOCn(l) = SOCmax, then αn

up = 1. Thus,
the utility function (6) can be modified for regulation-up such
that the utility un(l) is 0 if the battery level is minimum, and
un(l) rises as the SOCn(l) rises up to the maximum weighted
contributions Pn(l) and Pn

C(l), for αn
up = 1. Again, as it is

done in the precedent section, the time dependence with l is
removed since the problem is solved at each instant l. Then, for
regulation-up, the utility function is

un
up = αn

up (pcP
n
C + (pel − cn)Pn) . (18)

The same reasoning can be done for regulation-down. In this
case, αn

dP
n and αn

dP
n
C are the power contributions to un, with

the contribution being maximum if SOCn = SOCmin and 0 if
SOCn = SOCmax. In this case, the resulting expression is

un
d = αn

d (pcP
n
C + pelP

n) . (19)

Equations (18) and (19) can be written in a more compact
way as

un
SD =

{
αn
up (pcP

n
C + (pel − cn)Pn) , if x = −1

αn
d (pcP

n
C + pelP

n) , if x = 1
(20)

and similarly

αn =

{
αn
up, if x = −1

αn
d , if x = 1. (21)

By replacing un by un
SD and Pn

C and Pn by αnPn
C and αnPn,

respectively, in the general problem (8)–(15), we obtain the
aggregator’s profit maximization problem with state-dependent
utility

max
Pn

C
,Pn

U =
N∑

n=1

un
SD (22)

s.t.
N∑

n=1

Pn
C = PT

C (23)

N∑
n=1

Pn = PT (24)

SOCn
max � SOCn + xνnPn, n = 1, . . . , N (25)

SOCn + xνnPn � SOCn
min, n = 1, . . . , N (26)

SOCn
max � SOCn + xνnPn

C , n = 1, . . . , N (27)

SOCn + xνnPn
C � SOCn

min, n = 1, . . . , N (28)

Pn � 0, Pn
C � 0, n = 1, . . . , N. (29)

The solution to this problem provides a power allocation with a
certain degree of fairness in the distribution of the total profit
among the PEVs to the extent that power is proportionally
allocated according to the previous SOC of the PEV.

V. OPTIMIZATION CONSIDERING CHARGING DYNAMICS

The scheme of Section IV is useful in assigning power ac-
cording to the SOC of the PEVs. However, as it was previously
mentioned, proportional fair power allocation is also of interest
in this study. With this objective in mind, this and the following
section are developed.

Let us now consider the criterion of maximizing the differ-
ence between the SOC of the PEV n at the present time l,
which is represented by SOCn(l), and the SOC of that PEV
at the previous regulation instant, which is represented by
SOCn(l − 1), since the higher this difference is, the higher the
amount of required energy, and the higher the profit for user n.
The charging dynamics can be described by the following
equation:

SOCn(l) = SOCn(l − 1) + x(l)νnPn(l) (30)

where x(l) is the regulation signal.
In this case, the optimization problem is formulated in terms

of the capacity power Pn
C(l), instead of both Pn

C(l) and electric-
ity power Pn(l), given that the latter can be obtained from the
former, as will be shown later in this section. Indeed, Pn(l)
is usually as large as about 10% of the capacity Pn

C(l) [9];
thus, the problem is solved in Pn

C(l), and after that, capacity
power is proportionally allocated to each PEV n with respect
to the calculated Pn(l). Thus, more conservative constraints
are applied to this problem since SOCn

max � SOCn(l) + Pn
C(l)

is used instead of SOCn
max � SOCn(l) + Pn(l). Equivalent

consideration is taken for the SOCn
min constraint. Nevertheless,

SOCn(l) is updated with Pn once the problem has been solved
at instant l, as given by (30).
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If the problem is formulated the other way around, i.e.,
in terms of Pn(l) and calculating Pn

C(l) afterward, a result
that violates the maximum SOC constraint, i.e., SOCn

max �
SOCn(l) + Pn

C(l), may be obtained by proceeding in such
manner since Pn

C(l) is usually several times larger than Pn(l).
Note that x ∈ {−1, 1}, and therefore, the difference

SOCn(l)− SOCn(l − 1) can be positive or negative. Then, the
optimization problem is expressed as

max
Pn

C
(l)

N∑
n=1

|SOCn(l)− SOCn(l − 1)| =
N∑

n=1

νnPn
C(l) (31)

s.t.
N∑

n=1

Pn
C(l) = PT

C (32)

SOCn
max � SOCn(l) + x(l)νnPn

C(l), n = 1, . . . , N

(33)

SOCn(l) + x(l)νnPn
C(l) � SOCn

min, n = 1, . . . , N

(34)

Pn
C � 0, n = 1, . . . , N (35)

which is a linear problem. Then, Pn(l) is now calculated as

Pn(l) = kPn
C(l) (36)

where k = (PT /PT
C ) � 1 is a constant that scales the elec-

tricity power to the required capacity power and that allows
calculating the individual Pn(l) from Pn

C(l), as both values
PT and PT

C are given by the ISO to the aggregator through
signaling. Once the total power assignment is obtained, the
aggregator profit at l is calculated as

U(l) =
N∑

n=1

un. (37)

This approach is also the starting point in developing an
algorithm based on communications concepts that achieves
proportional fairness, as detailed in the next section.

VI. WATER-FILLING APPROACH

Now, let us consider the case of frequency regulation-down
for the sake of developing the fundamental aspects of the water-
filling approach, which are extended to regulation-up later in
this section. The charging dynamics (30) can be rewritten as

un
ch =

SOCn(l)

SOCn(l − 1)
= 1 + νn

Pn(l)

SOCn(l − 1)
(38)

which expresses the ratio of the new SOCn(l) with respect to
the previous one SOCn(l − 1). Then, by maximizing (38), the
power for regulation of PEV n is maximized, and consequently,
the aggregator profit is also maximized.

However, the maximization of
∑N

n=1 u
n
ch may lead to unfair

allocation of Pn. A widely adopted solution is the use of
the logarithmic function, which is concave, and therefore, the
resulting solution has the property of proportional fairness in
Pn(l) [39]. Thus, if the design criterion for the aggregator is
proportional fairness, the problem can be reformulated as

max
Pn(l)

N∑
n=1

log un
ch =

N∑
n=1

log

(
1 + νn

Pn(l)

SOCn(l − 1)

)
(39)

s.t.
N∑

n=1

Pn(l) = PT (40)

SOCn
max � SOCn(l) + νnPn(l) n=1, . . . , N (41)

SOCn(l) + νnPn(l) � SOCn
min n = 1, . . . , N (42)

Pn(l) � 0, n = 1, . . . , N. (43)

It can be seen that there exists a great similarity between
the problem of allocating power for V2G regulation to PEVs
and a very well studied problem in both wireless and wireline
communication systems: power allocation among parallel chan-
nels [40]. The power allocation problem is given as follows:
For a given set of N parallel channels, the total transmit
power P must be allocated among them to maximize the total
transmission rate. The transmission rate per channel is equal to
log (1 + (Pi/Ni)), where Pi is the power allocated to channel
i and Ni is the Gaussian noise power associated with channel i.
This problem is formulated as

max

N∑
i=1

log

(
1 +

Pi

Ni

)
(44)

s.t.
N∑
i=1

Pi � P (45)

Pi � 0 for all i = 1, . . . , N. (46)

Using the Lagrangian multipliers method to solve the problem
[41], the Lagrangian function to be maximized is

N∑
i=1

log

(
1 +

Pi

Ni

)
+ μ

(
N∑
i=1

Pi − P

)
(47)

and differentiating with respect to Pi

1
Pi +Ni

+ μ = 0. (48)

The solution to this problem is

Pi = (λ−Ni)
+ (49)

where (x)+ = max{0, x}. The solution is graphically illus-
trated in Fig. 4. Vertical levels Ni indicate the noise levels
in the channels. As power level λ is increased from zero,
power Pi is allocated to the channels with the lowest noise.
In our example, the first channel to be allocated some power
is Channel 2. When the available power λ is increased still
further, some of the power is distributed into noisier channels.
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Fig. 4. Water filling for three parallel channels, where Channel 3 is unable to
allocate any power.

This process is identical to the way in which water distributes
itself in a container. Hence, it is commonly referred to as
“water filling.”

Now, the similarities between the two problems can be
perceived. The parallel channels can be identified with the
PEVs, the power allocated to a channel for transmission Pi with
the power drawn/charged by a PEV for frequency regulation
Pn, the inverse of the power noise (1/Ni) with the factor
νn(1/SOCn(l − 1)), and the total transmit power with the total
power required for V2G regulation. Given that water-filling
algorithms have proved to be very effective in practical systems
[42], they can be used for the problem of power distribution
among PEVs for frequency regulation.

The following algorithm, inspired by the water-filling solu-
tion, is proposed for both regulation-up and regulation-down for
power electricity assignment (see Fig. 5). Since the algorithm
is solved at each instant l, the time dependence with l is again
removed for clarity. It can be distinguished between the two
cases regulation-up and -down, to make the PEVs with the
highest SOC first participate in regulation-up and similarly
PEVs with the lowest SOC first participate in regulation-down.
Therefore, the algorithm is slightly different for regulation-
down (x = 1) and regulation-up (x = −1), as explained next.
If, for instance, regulation-down with an initial water level
(which is denoted by W ) of 0 is considered to be updated in
ascending direction, the batteries with low power level (low
SOC) are charged first, which is more convenient to avoid
PEVs with higher SOC from exceeding the maximum level
of charge SOCmax. Similarly, for regulation-up, an initial high
value of water level is set (for instance, PT ) and is updated in
descending direction. In this case, power is first extracted from
the batteries with higher SOC, thus avoiding batteries with low
power level to reach the minimum level of charge SOCmin.

The algorithm works as follows: Once the type of regulation
according to the value of x is decided, it is verified if the total
available power PT has been distributed among the batteries
(
∑N

n=1 P
n − PT > ε). If yes, the algorithm ends. If not, the

algorithm updates the SOC and ends if none of the batteries
can provide additional power for regulation (SOCn < SOCmin

or SOCn > SOCmax). Otherwise, the water level is updated
(W = W +Δ or W = W −Δ), and the process returns to the
total available power condition. Parameters ε � 0 and Δ > 0
are set up according to the desired accuracy: The lower their

values, the higher the achieved accuracy in distributing the total
power among the PEVs.

This algorithm could similarly be applied to the power ca-
pacity distribution to obtain Pn

C .

VII. FAIRNESS INDEX MAXIMIZATION PROBLEM

One more possibility is to use the FI definition from [43] as a
measure of the fairness accomplished among the PEVs in terms
of their SOCs.

For a general case, it departs from a given solution {s∗n} to
a general problem that is assumed to be the fairest one, where
the variables represent the SOC of each PEV SOCn. Now, a
new solution {sn} is defined, which is a function of both the
solution to be tested {s′n} and the fairest solution {s∗n}, that is

sn =
s′n
s∗n

for all n = 1, . . . , N (50)

and the FI is defined as

FI =

(∑N
n=1 si

)2

N
∑N

n=1 s
2
i

. (51)

The FI can also be geometrically specified, assuming that
s is the vector of dimension N composed by {si} and that
this vector is compared with the N all-ones reference vector
e = (1, . . . , 1)T using the scalar product. Therefore, (51) can
be rewritten as

FI =
(eT s)2

S‖s‖2 =
(‖s‖‖e‖ cos θ)2

‖e‖2‖s‖2 = cos2 θ (52)

where θ is the angle formed between vectors e and s.
Note that, according to (52), the higher the value of FI,

the closer the tested solution s′ to the fairest solution. In
other words, if θ = 0, the fairness achieved with s′ is the best
possible, so s′ is the fairest solution and FI = 1. On the contrary,
if FI = 0, the solution is totally unfair.

Applied to our problem, the FI must then be maximized
to achieve an assignment as fair as possible. If sl and sl−1

represent the SOC vector at regulation instants l and l − 1,
respectively, the resulting problem is

max
sl

FI =
(eT sl)

2

S‖sl‖2
(53)

s.t. eT (sl − sl−1) = xP tot
C (54)

smin � sl (55)

sl � smax. (56)

However, this problem is not convex, given that the optimiza-
tion function is not concave, and therefore, the FI is used only
for comparison purposes in the results section, and the problem
is formulated as the variance minimization problem, as will be
shown next.
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Fig. 5. Algorithm 1. Frequency regulation water filling for power electricity assignment.

VIII. VARIANCE MINIMIZATION PROBLEM

In this section, the problem of power allocation to the PEVs
through the variance minimization problem in vectorial no-
tation is formulated, where the objective is to minimize the
SOC sample variance, which is denoted by σ2

s . Here, for the

sake of simplicity, sn represents the SOC associated with PEV
n SOCn, and the problem is formulated as

minσ2
s =

1
N − 1

N∑
i=1

(sn − s)2 (57)
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where s = (1/N)
∑N

n=1 sn = (1/N)eT s in vectorial notation
s = (s1, . . . , sN )T . Taking this into account, the sum term of
(57) can be rewritten as

N∑
i=1

(sn − s)2 =

(
s− 1

N
eeT s

)T (
s− 1

N
eeT s

)
(58)

= sT
(
I− 1

N
eeT

)
s (59)

where (59) is derived after some algebraic manipulation and
realizing that eT e = N . As a result, the minimization problem
(57) becomes

minσ2
s =

1
N − 1

sT
(
I− 1

N
eeT

)
s (60)

where I represents the identity matrix. Recall that, if snl and
snl−1 represent the SOC of PEV n at regulation instants l
and l − 1, respectively, the charging dynamics is snl = snl−1 +
x(l)νnPn

C(l) (30). Let us also define sl−1 = (s1l , . . . , s
N
l )T .

With this notation, the standard deviation of (60) can be ex-
pressed as

σ2
s =

1
N − 1

(
sl−1 + x(l)νn � pl

C

)T (
I− 1

N
eeT

)
×
(
sl−1 + x(l)νn � pl

C

)
(61)

where pl
C = [P 1

C(l), P
2
C(l), . . . , P

N
C (l)]T , νn = [ν1, ν2, . . . ,

νN ]T , and � corresponds to the component-wise vector mul-
tiplication operation. Now, the total power and SOC limit con-
straints must be introduced in the problem, which are equivalent
to those introduced in Section III by (23) and (25), respectively.
Thus, the resulting problem is

min
pl

C

σ2
s (62)

s.t. eTpl
C = P tot

C (63)
smin � sl−1 + νn � pl

C (64)
sl−1 + νn � pl

C � smax (65)
pl
C � 0 (66)

with σ2
s given by (61), where smax and smin are the vectors

representing the maximum and minimum SOCs of each PEV,
respectively.

Recall that, as in Section V, the SOC sl is updated based on
Pn although the problem is formulated on Pn

C .

IX. NUMERICAL RESULTS

The simulation scenario is set up as follows: The aggregator
is formed by 1500 EVs of three different types, i.e., Mini-E,
Mitsubishi i-MiEV, and Tesla Roadster with battery capacities
of 35 kWh [44], 16 kWh [45], and 53 kWh [46], respectively.
It is assumed that the presence of each type is one third of
the total vehicles. It is assumed that, with respect to battery
degradation, the batteries of the three types of EVs are Saft
lithium-ion type and Lc = 1 000 000-cycle lifetime at 3%
[47]. While only battery EVs are used in simulations, the
proposed algorithm and methods work as effectively with fleets
including plug-in hybrid EVs. The initial SOC is randomly and
uniformly distributed between the limit values SOCmax and
SOCmin. It is assumed that each PEV electric connection is a

Fig. 6. Regulation power signal corresponding to March 11, 2012, from
NYISO. Negative values correspond to regulation-up and positive values corre-
spond to regulation-down.

240-V/30-A line that provides 7.2 kWh, which is sufficient for
the required frequency regulation service.

For simulations, real data from the New York ISO (NYISO)
are used [48]. In the NYISO market regulation is performed
every 5 min. Nevertheless, the proposed approaches are also
suitable for systems where regulation is more frequently re-
quired. The regulation power signal is calculated from these
data (see Fig. 6) corresponding to a complete day as the
difference between the forecast load and the real time load.
The capacity price is updated after 1 h, and the regulation price
is updated for every regulation interval of 5 min. The power
capacity PT

C provided by the aggregator is estimated as the
10% of the forecast demand, and the electricity power PT (l) is
estimated to be 10% of PT

C [9]. The remaining parameter values
are given in Table II. The average cumulative regulation power
is represented in Fig. 7, which shows that this value is nonzero.

For comparison purposes, the results for even power distribu-
tion are also shown, which consists in distributing the required
electricity power evenly among the EVs.

Fairness is first assessed through the SOC variance evolu-
tion over regulation instants shown in Fig. 8. It is observed
that the water-filling algorithm converges to a null variance
since its rationale is precisely to provide the same final SOC
power level to the PEVs participating in the V2G regulation,
irrespective of their battery capacity. The variance minimization
performance is slightly worse since the problem is formulated
in the variables Pn

C , and consequently, the constraints are also
different. The performance of the other two approaches is
clearly poorer, given that they are focused on maximizing the
profit and not on minimizing the difference among the SOC
of the EVs. Interestingly, the state-dependent utility approach
exhibits a high but constant variance value because of the use
of the weighting factor αn, which leads to a power assignment
proportional to the relative SOC. This can be useful if an initial
SOC distribution with low variance can be achieved at 0 : 00.

In Fig. 9, the fairness achieved by the proposed schemes
using the FI is shown. In our case, the average-valued solution
{s∗n = s = (1/N)

∑N
n=1 sn} is selected, for all n, as the fairest
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TABLE II
SIMULATION PARAMETERS

Fig. 7. Average cumulative regulation power corresponding to March 11,
2012. Negative values correspond to regulation-up and positive values corre-
spond to regulation-down.

Fig. 8. SOC variance for 24-h regulation service.

Fig. 9. FI comparison among the presented schemes for 24-h regulation service.

TABLE III
AVERAGE FI AFTER 24-h REGULATION SERVICE

solution, where {sn} is any solution to the problem solved. The
water-filling algorithm is the fairest scheme and converges to 1
at 14 : 25. This is again a consequence of the goal of the water-
filling algorithm to achieve the same SOC level for all EVs.
In addition, the variance minimization approach converges to
a high value, but the performance is again slightly worse due
to the fact that this approach minimizes the difference between
the SOC values and their average in terms of Pn

C . The other
two approaches again provide a poorer performance since they
are oriented to profit maximization. It is shown that the curve
shape of the charging dynamics scheme follows the curve of
even power distribution, indicating that the power is distributed
in an even power fashion.



ESCUDERO-GARZÁS et al.: FAIR DESIGN OF PEV AGGREGATOR FOR V2G REGULATION 3417

TABLE IV
PROFIT VALUES AFTER 24-h REGULATION SERVICE

The FI average values over the period of 24 h in Table III
show the perform in average for both cases. The water-filling
and variance minimization approaches exhibit quite larger val-
ues with respect to the state-dependent utility and the charging
dynamics, as expected. The even power distribution approach
provides a poor value in average.

Table IV shows the total profit obtained for each approach
after the observed period of 24 h. The total profit is calculated
as the sum of the individual profits. The state-dependent utility
obtains the highest value since the objective in this case is to
maximize the sum profit

∑N
n=1 u

n
SD. With charging dynamics,

which maximizes
∑N

n=1 |SOCn(l)− SOCn(l − 1)|, the profit
is also larger than that with variance minimization. The water-
filling approach experiences a slight loss due to the quanti-
zation of the step of the algorithm with respect to variance
minimization. Nevertheless, the even power distribution gives
a significant lower profit due to the fact that it is not always
possible to allocate the power in the vehicles without violating
the SOC limit constraints. Therefore, the total power provided
by the PEVs is less than the requested power; thus, the profit
is lower. The maximum profit in 1 year of frequency regulation
can also be estimated and can be as high as $491 if the daily
results are extrapolated to an annual forecast.

Fairness expressed in profit per PEV is also evaluated
through the variance of the profit per vehicle shown in Table IV.
The lowest variance is observed for state-dependent utility
derived from the weighting factors αn applied to each EV profit
function un

SD. The highest value corresponds to the charging
dynamics approach since the objective is to achieve a differ-
ence |SOCn(l)− SOCn(l − 1)| as high as possible. With even
power distribution, the variance is obviously 0. Low variance
is also observed for variance minimization in accordance with
the objective of minimizing the SOC variance. An intermediate
value is obtained for water filling since the objective is to
achieve the same final SOC for all EVs, irrespective of their
initial SOCs.

The effect of costs in the profit is evaluated for the case of
state-dependent utility and shown in Fig. 10. Since the total
profit obtained without costs is $2071, the profit loss in this
case due to the costs is only 2.7%.

X. CONCLUSION

In this paper, a set of schemes to distribute the power for
V2G regulation service when this service is provided by EVs
managed by an aggregator has been presented. In contrast with
the works in recent literature, the focus has been on the fair
distribution of power among the EVs, instead of merely trying
to optimize the aggregator profit.

Fig. 10. Profit comparison between optimization with and without costs after
24-h regulation: state-dependent utility case.

Simulations have shown that, depending on the selected
scheme, differences in the variance of the SOC of the EVs
and the degree of fairness can be achieved, whereas all the
schemes provide positive profit even after considering degra-
dation costs. The water-filling approach, which was derived
from an algorithm widely used in communications, can also
achieve zero variance and, moreover, perfect fairness, even
though water filling is not generally fair in communications.
The variance minimization approach can also achieve very
low variance in SOC and very good fairness in terms of FI.
On the other hand, if the focus is on fair profit, the state-
dependent utility approach provides the fairest distribution of
profit among the EVs participating in V2G regulation, and the
charging dynamics approach provides the highest total profit
and reasonable good values of variance and fairness.

It can also be highlighted that, for any of the schemes con-
sidered, an annual maximum profit per PEV of several hundred
dollars can be raised.
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