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ABSTRACT
In this paper, we study the impact of outdated channel state
information (CSI) on a cooperative system based on opportunistic relay selection (ORS). The study is carried out by
obtaining an analytical expression for the outage probability, defined as the probability that the instantaneous mutual
information is lower than a target rate. Besides, we propose
the optimal power allocation aimed at minimizing the outage probability when the available CSI is subject to impairments. As shown in the paper, the proposed strategy provides significant gains when compared with uniform power
allocation.
1. INTRODUCTION
Cooperative diversity has been shown to be an efficient way
to combat wireless impairments using low complexity terminals [1, 2, 3]. Basically, these schemes allow for the
exploitation of spatial diversity gains without the need of
multi-antenna technology. Different spatial paths are provided by sending/receiving the information to/from a set
of cooperating terminals working as relays. By doing so,
most of the advantages of multiple-input multiple-output
(MIMO) techniques [4] can be extracted while keeping the
complexity of the individual terminals reduced.
Among the set of cooperative techniques, opportunistic relay selection (ORS) is a useful strategy for practical
implementation [5]. This is because ORS is a low complexity strategy consisting in only activating the best relay (in
accordance with performance metric). Apart from the inherent simplicity of the proposed technique, this strategy
avoids the need of synchronization (needed by most distributed space-time coding schemes) and reduces the power
consumption of the terminals.
When ORS is implemented in a real system, however,
there may exist a delay between the instants when the selection process is encompassed and the actual transmission

of data from the selected relay takes place. In other words,
the channel state of the selected relay considered at the selection decision can substantially differ from the actual one
and, as a result, system performance is affected.
The study of the impact of outdated channel state information (CSI) on ORS has been addressed by very few
authors. For instance, it was shown in [6] that a selection relaying mechanism based on localization knowledge
can outperform an opportunistic scheme with instantaneous
information. Although it was not explicitly discussed, the
reason for that being that available CSI was subject to delays. As a consequence, the selection scheme proposed in
[6] may work better when decisions are made based on location information instead of instantaneous but outdated CSI
(localization variations are considerably slower than those
induced by the wireless channel).
In this paper, we analytically study the effect of outdated CSI on the outage probability of a ORS system based
on decode and forward. Besides, we derive the power allocation strategy aimed at minimizing the outage probability
as a function of the level of CSI degradation. As shown in
the paper, the proposed strategy significantly improves the
system performance, specially when the CSI uncertainty is
outdated.
2. SYSTEM MODEL
Consider a wireless network where one mobile unit (source)
sends information to the base station (destination). In order
to improve system performance, a cooperative mechanism
is considered. In particular, an ORS strategy is adopted in
a scenario with K mobile units of the network working as
relays.
For the sake of notation simplicity, we define an arbitrary link A-B between two nodes A and B. Node A can be
the source (A=S) or the k-th relay (A=k), whereas node B
can correspond to the k-th relay (B=k) or to the destination

(B=D). With this model in mind, the received signal in the
link A-B can be written as follows:
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rB = hA,B xA + nB
where xA ∈ C is the transmitted
symbol from node A with

power PA = E |xA |2 , nB ∈ C is AWGN noise with
zero mean and variance σn2 (independent of the value of
B), hA,B ∈ C is the channel response between nodes A
and B modeled as hA,B ∼ CN (0, 1) (Rayleigh fading).
We assume a block-fading channel where the channel response remains constant during one time-slot and that the
different channels (for changing A or B) are independent
and identically distributed (i.i.d.). Concerning power allocation, we consider that total transmit power of the system,
P , remains constant and is distributed among the source and
the selected relay, k ∗ , as PS =(1 − α)P and Pk∗ =αP . We
denote by γA,B = PA |hA,B |2 /σn2 the instantaneous signalto-noise ratio (SNR) experienced in the link A-B in a given
time-slot and we define γ̄ = P/σn2 as the system SNR.
Concerning the relaying procedure, we consider a halfduplex two-hop decode and forward (DF) protocol as relaying strategy. When using half-duplex DF, the transmission
is divided in two time-slots. In the first time-slot, the source
transmits the information to the relays, which attempt to demodulate and decode this information. In the second timeslot, the relays encode again the information and retransmit
it to the destination [3]. In an ORS scheme, only the best
relay is allowed to cooperate with the source. More specifically, the subset of relays able to decode the information
is named as the decoding subset DS and, from that subset,
the relay with the best relay-to-destination channel quality
retransmits the information (see Fig. 1). In particular, the
relay maximizing the SNR in the link k-D is selected:
k ∗ = arg max {γ̂k,D }
k∈DS

where γ̂k,D is the SNR available at the relay selection instant, which can differ from the actual SNR γk,D during
information transmission due to channel variations. Indeed,
we assume that γ̂k,D were obtained from channel state ĥk,D
(i.e., γ̂k,D = αP |ĥk,D |2 /σn2 ), which is an outdated version
of hk,D . Then, these two random variables are jointly Gaussian and one can easily show that hk,D conditioned on ĥk,D
follows a Gaussian distribution [7]:
hk,D |ĥk,D ∼ CN (ρĥk,D , 1 − ρ2 )
where parameter ρ is the correlation coefficient between
ĥk,D and hk,D , having different values according with the
channel model1 . From the above discussion, it is straightforward to show that the actual SNR, γk,D , conditioned on
1 For the sake of mathematical tractability, we assume a scenario where
parameter ρ is the same for all the relays.
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Fig. 1. Cooperative communications scheme based on ORS
with DF.
its estimate, γ̂k,D , follows a non-central chi-square distribution with 2 degrees of freedom, whose probability density
function (pdf) takes the following expression [7]:
2

−(γk,D +ρ γ̂k,D )
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2
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with I0 (·) standing for the zero-order modified Bessel function of the first kind.
3. OUTAGE PROBABILITY
We define the outage probability as the probability that the
instantaneous mutual information of the system is below a
predefined value R. Since we consider a two-hop DF scenario, we should start the analysis by studying the decoding
subset DS, i.e. the subset of relays that are not in outage
when considering the source-to-relay link:


DS = {k : log2 (1 + γS,k ) ≥ 2R} = k : γS,k ≥ 22R − 1
Note that we have considered that outage in the first hop
occurs when instantaneous capacity is lower than 2R (as it
will be done in the relay-to-destination link). By doing so,
the resulting end-to-end spectral efficiency is R as the proposed two-hop scheme requires two time-slots to transmit
the information from the source to the destination.
In order to obtain the outage probability of the system,
the probability that the selected relay is in outage must be
computed for each combination of relays in the decoding
subset. By defining now DS l as an arbitrary decoding subset with l relays, we can easily compute the outage proba-

bility as [5]:
K

Pout (y, α, ρ) =

P rob(outage|DS l )P rob(DS l )

0.8

l=0 DS l

y

where one should recall the Rayleigh fading assumption,
note that the first term is related with the case that the decoding subset is an empty subset (i.e., l=0) and that y has
been defined as y = 22R − 1 for the sake of notation simplicity.
4. OPTIMAL POWER ALLOCATION
In this paper, we consider the optimal power allocation as
the power allocation minimizing the outage probability, that
is:
min Pout (y, α, ρ)
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where the second summation is over all the possible decoding subsets DS l (i.e., the Kl possible subsets of l relays
taken from the K relays) and P rob(outage|DS l ) is the probability of outage in the relay-to-destination link conditioned
on that the decoding subset is DS l , being P rob(DS l ) the
probability of that subset. According to the proposed homogeneous scenario (all channels are i.i.d) with outdated
CSI, the outage probability can be written as follows (further details are provided in the Appendix):

0<α<1

The optimal solution to the above minimization problem
can be efficiently obtained with the help of classical nonlinear optimization techniques, such as the gradient method
or the section methods [8, Chapter 2], as it is a quasi-convex
problem (further details are provided in the Appendix). In
this work, in particular, we have considered the golden section method to solve the power allocation problem.
In order to give some insight on the physical nature of
the problem, we present in Fig. 3 the outage probability as
a function of power parameter α for different values of ρ in
a scenario with K=5 relays and target rate R = 1 bit/s/Hz.
For each of them, we also indicate the optimum value of α
minimizing outage capacity. The behavior of the optimal
power allocation is that the optimal value of α grows for
decreasing values of ρ. In other words, more power is assigned to the selected relay when the estimate of the SNR
becomes less accurate. The physical interpretation of such
an effect is the following:

Fig. 2. Outage probability vs. α for different values of ρ
(K=5 relays, R=1 bit/s/Hz, γ̄=10 dB).
• For decreasing values of ρ, the accuracy of the relay
selection algorithm is affected. Then, the quality of
the k ∗ -D link can be far from being satisfactory. In
that case, it is better to give more power to the selected relay in order to improve the reliability of that
link. Allocating more power to the source would increase the number of nodes belonging to the decoding
subset, being this measure not practical as relay selection tends to be random.
• For increasing values of ρ, selection algorithm is more
accurate and then it is interesting to have a good balance between the source and relay powers. On the
one hand, having a higher number of relays in the decoding subset increases the chances of having a very
good relay in DS. On the other hand, assigning more
power to the selected relay is beneficial for exploiting
the fact that a good link is selected. Indeed for ρ = 1
the optimal value of α is α∗ = 0.5, i.e. the optimal
choice is uniform power allocation.
5. NUMERICAL EVALUATION
As far as the numerical evaluation is concerned, we have
advanced some results in Fig. 3. Apart from the behavior of
the optimal power allocation, one can also observe in that
figure the gain achieved with the proposed strategy with respect to uniform power allocation (α=0.5). When ρ = 0.1,
for instance, the proposed strategy reduces the outage probability approximately 11%.
In order to facilitate the comparison, we also present
outage probability results obtained for different values of
ρ (ρ=0.1, 0.5, 0.8 and 1) and for different power allocation strategies as a function of the system SNR. First of all,
one can observe that the theoretical expression given by (2)
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In this appendix we provide the analytical derivation of the
outage probability expression given by (2) and the proof of
the quasi-convexity of the power allocation problem.
7.1. Outage probability expression
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Fig. 3. Outage probability vs. System SNR γ̄ for different
values of ρ and different power allocation strategies (K=5
relays, R=1 bit/s/HZ, Curve: Theoretical, Symbol: Simulation, Solid: Optimal Power Allocation, Dashed: Uniform
Power Allocation ).
completely agrees with the simulated curves. Besides, it is
shown the gain obtained with the optimal power allocation
strategy. For ρ = 1, the optimal allocation strategy tends
to the uniform one and, as a result, the same results are observed for both strategies. However, as soon as the accuracy
of the CSI information is affected, higher is the benefit observed with the proposed power allocation strategy. For an
outage probability target equal to 10%, for instance, 1.2 and
2 dB gains are obtained with the optimal power allocation
strategy when ρ is equal to 0.5 and 0.1, respectively. Indeed,
the optimal strategy gain is emphasized when outage probability requirement are more restrictive. When this value
is set to 1%, the gain is also significant for high ρ values.
As shown in the figure, the gain attained with the proposed
strategy amounts to 2 dB when ρ = 0.5 and 3 dBs in the
case that ρ is equal to 0.1.
6. CONCLUSIONS
In this work, we have analyzed the impact of outdated CSI
on ORS. To do so, we have analytically studied the outage probability of the proposed system based on decode
and forward. Besides, we have derived the optimal power
allocation strategy. As we have shown in the paper, the
optimal strategy consists in giving more power to the selected relay when the available CSI is less accurate. By
doing so, superior performance can be obtained, specially
when outage probability requirements are more restrictive.
Conversely, when the CSI becomes more precise the power
strategy tends to the uniform power allocation.

We start the proof by noting that both the values of P rob(DS)
and P rob(outage|DS) in (1) are the same for all the decoding subsets DS ∈ DS l . In other words, these probabilities
are independent of the combination of relays forming DS
(for a given l). The reason for that being that we assume an
homogenous scenario where all the channels are i.i.d. As a
consequence, these probabilities only depend on the number of active relays (i.e., the cardinality of DS, card(DS))
and we can re-writte (1) as:
K

Pout (y)=

P rob(outage|card(DS)=l)P rob(card(DS )=l)
l=0

(3)
where P rob(card(DS ) = l) is the probability that the decoding subset has l relays, i.e. K − l relays are in outage
when the source-to-relay link is considered. By recalling
the Rayleigh fading assumption, one can obtain this probability as follows:
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l
(4)
Notice that the above expression does not depend on the
correlation parameter ρ. This is because a node belongs to
the decoding set if it has perfectly decoded the information,
which is independent of relay selection decisions.
Concerning P rob(outage|card(DS)=l), this is the probability that the selected relay (out of l relays in DS) is in
outage. Clearly, this probability is equal to one when there
are no relays to retransmit the information (i.e., card(DS)=0).
For l>0, P rob(outage|card(DS) = l) can be obtained by
noticing that this is a similar problem to that observed in a
multi-user scenario where the user with the highest SNR is
selected for transmission but available CSI is subject to delays [7]. With this in mind, we can use the cumulative density function (CDF) of the scheduled user’s SNR obtained in
[7, Eq. 8] to compute the probability that the selected relay
is in outage (i.e., its SNR is lower than y = 22R − 1):
P rob(outage|card(DS)=l) =

l−1 
m+1
l − 1 (−1)m
−y
1 − e αγ̄(1+m(1−ρ2 ))
l
m
m+1
m=0

l>0
(5)

Finally, by plugging (5) and (4) into (3) and noting that the
first term is related to the case that l=0, one can easily verify
that expression (2) holds.

7.2. Quasi-convexity of the power allocation problem
The power allocation problem is quasi-convex if the outage
probability in (2) is a unimodal (or quasi-convex) function
on α, given that the constraint 0 < α < 1 defines a convex subset. Therefore, we need to proof the unimodality
of Pout (α). Due to space limitations, we just provide an
outline of the proof in this paper but further details can be
found in [9].
First, let us rewrite (2) as
Pout (α)=P rob(outage|card(DS)=0)P rob(card(DS )=0)
+ P rob(card(DS )>0)P rob(outage|card(DS)>0)
= (1 − f (α)) + g(α) · f (α)

(6)

where we have used the equality P rob(outage|card(DS) =
0) = 1 and the functions f (α) and g(α) have been defined
as:
f (α) = P rob(card(DS ) > 0)
g(α) = P rob(outage|card(DS) > 0)
respectively. Note that within that representation, f (α) and
g(α) are decreasing functions on α. In particular,
y

f (α) = 1 − 1 − e− (1−α)γ̄

K

and g(α) is a combination of the outage probabilities given
a fixed number of relays in the decoding subset, which is
upper-bounded by P rob(outage|card(DS) = 1) = 1 −
y
e− γ̄α .
Since Pout (α) is bounded between 0 and 1 with Pout (0) =
Pout (1) = 1, at least one minimum is guaranteed for 0 <
α < 1. The goal is to proof that there is a single minimum
or, in other words, that

(α) = f  (α) · [g(α) − 1] + g  (α) · f (α) = 0
Pout

(7)

is attained at a single α value. To do so, the condition in (7)
can be alternatively written as
g  (α)
f  (α)
=
.
f (α)
1 − g(α)

(α)
Then, it is possible to proof that ff (α)
is
g (α)
creasing function on α and also that 1−g(α)

(8)
a monotone de-

increases monotonically; thus (8) can not be satisfied at more than one
α value within the search interval. Equivalently, it can be
shown that f (α) and 1−g(α) are log-concave functions [10,

Chapter 3] and therefore the function log f (α)+log (1 − g(α))
has a single maximum, which is the optimal power allocation.
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