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Abstract—We consider a novel positioning solution combining
millimeter wave (mmW) 5G and Global Navigation Satellite
System (GNSS) technologies. The study is carried out theoretically by deriving the Fisher Information Matrix (FIM) of a
combined 5G-GNSS positioning system and, subsequently, the
position, rotation and clock-bias error lower bounds. We pursue
a two-step approach, namely, computing first the FIM for the
channel parameters, and then transforming it into the FIM of the
position, rotation and clock-bias. The analysis shows advantages
of the hybrid positioning in terms of i) localization accuracy,
ii) coverage, iii) precise rotation estimation and iv) clock-error
estimation. In other words, we demonstrate that a tight coupling
of the two technologies can provide mutual benefits.

I. I NTRODUCTION
It is well-known that accurate radio-based positioning is the
enabler of many location-based services related for instance
to safety, intelligent transportation, entertainment, industry
automation, robotics and remote operation services [1], [2].
However, Global Navigation Satellite System (GNSS), which
is a term that comprises GPS and Galileo among other
systems, constitutes still today the only wide-spread reliable
solution thanks to its high precision and coverage [3]. In [4],
it is shown that also millimeter wave (mmW) 5G technology
can be used for accurate positioning, especially in indoor
environment where GNSS solutions are not feasible. For this
reason positioning has gained interest in 3GPP, searching for
a standardized way to improve LTE-techniques using the socalled New Radio (NR) and, potentially, GNSS jointly.
In this paper we study a novel solution combining mmW 5G
and GNSS technologies, extending the work in [5], with the
objective of improving GNSS coverage and, overall, enabling
better localization performance. The study is carried on from a
theoretical perspective deriving the Fisher Information Matrix
(FIM) [6] of a hybrid 5G-GNSS localization estimation and,
subsequently, the position and rotation error lower bound.
We pursue a two-step approach, namely, computing first the
FIM for the position-related channel parameters and after, the
Equivalent Fisher Information Matrix (EFIM) for position and
rotation. Also, we look at the UE’s clock-bias estimation,
which is the enabler for Time-of-Arrival (ToA) estimation.
The reminder of this paper is organized as follows. In
Section II we define the 5G-GNSS system model.

Fig. 1. Transmission links and geometry of the scenario including a 5G station
(gNB) at location q and receiver (UE) at location p as well as two satellite
stations at location q1 and q2 , respectively. All links are assumed in LOS.
The angle α is the rotation of the UE with respect to the gNB heading.

In Sections III and IV, we tackle the 5G-GNSS positionrotation bound by providing the key derivation steps along
with numerical results. Finally, in Section V useful insights
are drawn.
II. S YSTEM M ODEL
We consider an hybrid positioning system including GNSS
and mmW 5G technology as depicted in Figure 1. More
specifically, we assume a UE connected to both a 5G station
(gNB) and S satellites. Also, UE is equipped with an antenna
array to receive 5G and GNSS signals.
The vector p , [px , py , pz ]T denotes the location of the
UE in the 3-dimensional (3D) space, whereas the vector
qi , [qix , qiy , qiz ]T refers to the 3D coordinate vector of a
reference station, with i = 0 for the gNB and i > 0 for
the satellites. We assume qi is known, ∀i. Also, q0 is fixed,
whereas qi with i > 0 changes with time, with velocity
vi ∈ R3 . Finally, we assume that the direction of the gNB’s
and UE’s antenna boresight is indicated by the 3D orientation
vectors rq and rp , respectively. The direction rq is known,
whereas the relative orientation of rp with respect to rq can
also be represented by the azimuth-elevation pair (α, β), which
are unknown parameters to be determined.

The positioning of the UE is based on the joint processing
of the received 5G and GNSS signals, respectively, denoted
by y0 (t) and ys (t). More specifically, y0 (t) is given by
p
y0 (t) = Pg WH H(a0 , θ0 , ψ0 , φ0 , ξ0 , α)Fx0 (t − τ0 )ej2πtfd0
+ WH n(t),

(1)

where Pg is the transmission power at the gNB, W ∈ CM ×Mb
and F ∈ CN ×Nb are the receive and transmit analog-digital
hybrid beamforming matrices, fd0 is the Doppler frequency,
x0 (t) ∈ CNb is vector of Nb reference signals transmitted by
the 5G station, τ0 is the path-delay defined as
τ0 = %0 − δt,

(2)

where %0 , kq0 − pk/c is the time-of-flight, c is the speedof-light, δt is the UE’s clock-bias with respect to the GNSS
time1 The M × N complex channel matrix is given by
H(a0 , θ0 , ψ0 , φ0 , ξ0 , α) = a0 ar,0 (θ0 , ψ0 , α)aHt,0 (φ0 , ξ0 ), (3)
where a0 ∈ C denotes the channel coefficient, α is the
rotation2 , θ0 , ψ0 and φ0 , ξ0 are the azimuth, elevation angles
of the angle-of-arrival (AoA) and angle-of-departure (AoD),
respectively. The vectors ar,0 (·) ∈ CM , at,0 (·) ∈ CN denote
the receive and transmit steering vectors and are computed as,
ar,0 (θ0 , ψ0 , α) , exp (jπRTu ΓT (α)π(θ0 , ψ0 )) ,

at,0 (φ0 , ξ0 ) , exp jπRTg π(φ0 , ξ0 ) ,

3×M

Rs ∈ R
denoting the GNSS antenna element location
matrix and d(t, τs , fd ) ∈ CS is the vector of delayed Dopplershifted GNSS signal with di (t) given by
di (t) , di (t, τi , fdi ) = xi (t − τi )ej2πfdi t ,

(12)

where each xi (t) is orthogonal to each other, and τi is
τi = %i − δt,

(13)

with %i , kqi − pk/c and fdi being the time-of-flight and
Doppler shift between the UE and the i-th satellite.
III. P OSITION - ORIENTATION LOWER BOUND ANALYSIS
In order to derive the position-orientation error for the
hybrid 5G-GNSS positioning system, we compute the 5GGNSS EFIM as
Je = Je0 + Jes ,

(14)

with Je0 and Jes referring to the EFIM for the location parameters η , [pT , α, δt ]T obtained with the 5G and satellite signals,
respectively.
The GNSS EFIM Jes is given by
Jes

=

S
X


T
Jsi ,η − Js,ηai J−1
s,ai Js,ηai ,

(15)

i=1

where
(6)

Ru ∈ R
(similarly Rg ∈ R
) is the antenna element
location3 matrix for the UE (and 5G-station), i.e.,


0 r1x · · · rM x
Ru =0 r1y · · · rM y  ,
(7)
0 r1z · · · rM z
and, finally, the matrix Γ(α) is the rotation matrix given by


cos α − sin α 0
Γ(α) =  sin α cos α 0 .
(8)
0
0
1
The received superposition of the GNSS signals is given by

Jsi ,η

where ys (t) ∈ C with Ms as the number of GNSS antenna
elements, As ∈ CS×S is a diagonal matrix in which the ii-th
element, ai is the complex amplitude of the received signal
transmitted by the i-th satellite, θs , [θ1 , · · · , θS ] and ψs ,
[ψ1 , · · · , ψS ] are the azimuth and elevation vectors of the AoA
of the impinging satellite signals, the matrix G is referred to
as spatial signature matrix and given by

<{∇Hη usi (t, η, ai )∇η usi (t, η, ai )} dt, (16)

Jsi ,ai

1
=
N0

ZTs
<{∇Hai usi (t, η, ai )∇ai usi (t, η, ai )} dt, (17)
0

Jsi ,ηai

1
=
N0

ZTs
<{∇Hη usi (t, η, ai )∇ai usi (t, η, ai )} dt,
0

(18)
where Ts is the observation time of the GNSS signal,
usi (t, η, ai ) is defined as
˜

usi (t, η, ai ) , ai g̃i (p, α)xi (t − τ̃i (p))ej2πfi (p,v)t , (19)
where g̃i (p, α), τ̃i (p) and f˜i (p, v) indicate a
parameterization of the i-th column of (10), the
path-delay (both measured with 5G and GNSS signals)
the i-th Doppler-frequency as a function of the location
rotation and velocity vector.
Similarly, the 5G-based EFIM is given by
Je0

G(θs , ψs , α) , [ar,s (θ1 , ψ1 , α), · · · , ar,s (θS , ψS , α)], (10)
gNB is assumed perfectly synchronized with the GPS time.
2 For simplicity, only a rotation around the z-axis is considered, i.e., β = 0.
3 Element locations are measured in wavelength unit and with respect to
1-st one (origin).

ZTs

1
=
N0

0

(9)

Ms

1 The

(11)

3×Ms

(5)

3×N

ys (t) = G(θs , ψs , α)As d(t, τs , fd ) + ns (t),

ar,s (θi , ψi , α) , exp (jπRTs ΓT (α)π(θi , ψi )) ,

(4)

where π(a, b) is the unit-vector given by
π(a, b) , [cos(b) cos(a), cos(b) sin(a), sin(b)]T ,

with

with J0,η =

M
Pb
m=1

M
Pb
m=1

T
= J0,η − J0,ηa0 J−1
0,a0 J0,ηa0 ,

J0m,η , J0,a0 =

M
Pb

rei-th
and
and

(20)

J0m,a0 and J0,ηa0 =

m=1

J0m,ηa0 and J0m,η , J0m,η and J0m,ηa0 are computed as

in (16), (17) and (18) by replacing Ts with Tg and usi (t, η, ai ) where J̃0m,n is the FIM for the physical-channel parameters
with
η̃g , [τ0 , θ̃0 , ψ̃0 , φ0 , ξ0 , <(a0 ), =(a0 ), fd0 ]T and T is given by
p
˜
H
∂ η̃g,i
u0m (t, η, a0 ), Pg wm
H̃(p, α, a0 )Fx0 (t− τ̃0 (p))ej2πf0 (p,v)t
[T]ij =
,
(33)
(21)
∂ηj
where the subscript m refers to the m-th baseband
chain, f˜0 (p, v) and H̃(p, α, a0 ), are, respectively, a reparameterization of the 5G-based channel matrix and Doppler
frequency as a function of the location and rotation and velocity vector. The re-parameterization is explicited as follows


py − qiy
− π,
(22)
θi = atan
px − qix


py − q0y
φ0 = atan
,
(23)
px − q0x
!
−(pz − qiz )
,
(24)
ψi = atan p
(px − qix )2 + (py − qiy )2
!
pz − q0z
ξ0 = atan p
, (25)
(px − q0x )2 + (py − q0y )2
kp − qi k
− δt ,
(26)
τi =
c
g
f
fd0 = vT u0 c ,
(27)
c
s
f
(28)
fdi = (v − vi )T ui c , i > 0
c
where c is the speed-of-light, vi is the velocity vector of the
i-th satellite, fcg and fcs are the carrier frequency used in the
5G and satellite navigation systems and
 
u0x
p − qi
ui , u0y  = −
.
(29)
kp − qi k
u0z
A. 5G positioning EFIM
In order to derive the EFIM for 5G positioning, we consider an orthogonal frequency-division multiplexing (OFDM)
waveform with NFFT subcarriers and ∆f subcarrier spacing.
In the frequency domain the expression of the received signal,
at the n-th subcarrier and at m-th beamformer is given by
s
Pg
H
u0m,n =
a0 gd,n gfn gr,m gtH xn + wm
nn ,
(30)
NFFT
where gd,n , e−j2πn∆f , gfn , ej2πfd0 Tsym , gr,m ,
H
wm
ar (θ˜0 , ψ̃0 ), gt , FH at (φ0 , ξ0 ) and θ̃0 , φ̃0 refers to the
observed angle-of-arrival at the UE, which can be obtained
from the identity
π(θ̃0 , ψ̃0 ) = Γ(α)T π(θ0 , ψ0 ) = π(θ0 − α, ψ0 ).


d 
∂ θ̃0
= 2 u0y , −u0x , 0 ,
∂p
dxy

∂ψ0
1 
u0x u0z , u0y u0z , −d2xy /d2 ,
=
∂p
dxy

d 
∂ φ̃0
= 2 u0y , −u0x , 0 ,
∂p
dxy

∂ξ0
1 
u0x u0z , u0y u0z , −d2xy /d2 ,
=−
∂p
dxy
∂τ0
uT0
=− ,
∂p
c
∂fd0
fc T
= (v u0 − v)uT0 ,
∂p
cd

(34)
(35)
(36)
(37)
(38)
(39)

∂={a0 }
∂ θ̃0
0}
0
and ∂τ
= −1, ∂={a
= 1, ∂<{a
∂δt = 1,
∂<{a0 } = 1, d = kp −
0}
p∂α
q0 k, dxy = (px − q0x )2 + (py − q0y )2 .
Finally, the FIM J0m,n ∈ R8×8 can be obtained by
computing
n 
o
J0m,n = γg Exn < ∇Hη̃g unm ∇η̃g unm ,
(40)

where γg =

Pg
N0 NN
∆
FFT f

, unm = a0 gd,n gfn gr,m gtH xn .

B. GNSS positioning EFIM
We focus on a Global Positioning System (GPS) technology
with a carrier frequency fcs with Nc = 1023 chips of duration
Tc = 1/Nc ms, i.e.,
xi (t) =

p

Psi

Nc
X

s

bin rectTc (t − nTc )ej2πfc t ,

(41)

n=1

where rectTc (t) is the rectangular pulse of unitary amplitude
and duration Tc , Psi is the average transmission power and
bi , [bi1 , · · · , biNc ] is the code sequence transmitted by the
i-th satellite. It is assumed bTi bq = 0, ∀i 6= q.
Using equation (41) in (9) and by leveraging the orthogonality of the code sequences into the calculation of the EFIM,
we compute Jes as in (15) where the matrices Jsi ,η , Js,ai and
JTs,ηai are obtained from the block-partition of

(31)

The terms in (20) can be obtained from the block-matrix
partion of


NFFT
X
J0m = TT 
J̃0m,n  T,
(32)
n=1

in which the non-zero elements are given by

with

J̃si

=

Jsi = TTsi J̃si Tsi ,
n 
o
E < ∇Hη̃s usi ∇η̃si usi ,
i

(42)
η̃si

,

[θ̃i , ψ̃i , τi , fdi , <(ai ), =(ai )] and Tsi
T

[Tsi ]qj =

∂ η̃si ,q
.
∂ηj

(43)

IV. S IMULATION RESULTS
The objective of this section is to evaluate the performance
of an hybrid 5G-GNSS positioning system and compare it
to 5G and GNSS stand-alone solutions. In this regard, we
consider a 5G-mmW at 30 GHz, subcarrier spacing 60 kHz,
transmission bandwidth 60 MHz, QPSK modulation and a
GPS-based satellite positioning. Further details are in the
sequel. UE: location coordinate [0, 0, 0]T m, 5G uniform rectangular array (URA) 4 × 4 in the zy-plane, GPS receiver with
URA 2×2 in the xy-plane, Discrete Fourier Transform (DFT)
analog beam-codebook and sequential single beam-scanning.
gNB: location coordinate [−20, 20, 25]T m, 5G URA 8 × 8
in the zy-plane, DFT analog codebook and sequential single
beam-scanning. Finally, GPS: observation time Ts = 20 ms,
bandwidth B = 4/Tc , carrier frequency 1575.42 MHz and
radius, azimuth and elevation directions of the satellites’
locations
%s

=

[2.19, 2.34, 2.47, 2.18, 2.45] × 1e5 km,

(44)

θs

=

[288.9, 215.2, 87.9, 295.4, 123.5] deg,

(45)

ψs

=

[46.9, 24.5, 29.1, 32.1, 71.5] deg.

(46)

The first result is shown in Figure 2 where the x and y
axis refer to the achieved localization error by GNSS and 5G
standalone. More specifically, for 5G, we assume that UE is
perfectly synchronized with gNB and the error is obtained
by varying the SNR0 (i.e. the signal-to-noise ratio of the
5G signal without beamforming gain). For the GNSS, we
assume that UE’s clock-bias is non-zero and the performance
depends on the carrier-to-noise C/N0 (signal power to noise
spectral density, typically used in GNSS). The contour plot
corresponds to the hybrid 5G-GNSS solution obtained for
all pairs (SNR0 , C/N0 ) used for calculating 5G and GNSS
bounds. It can be noticed that the hybrid method provides
always a lower error than that obtained by a 5G or GNSS
systems. Therefore, if one of the systems fails in terms of
accuracy, the performance of an hybrid system takes advantage
of the best between the two.
Next, we evaluate a more realistic scenario where UE clock
is not synchronized with either 5G or GNSS, and the clock
bias is unknown. Figures 3 and 4 show the localization error
achieved with 5 and 3 satellites, respectively. The black-solid
line corresponds to the performance of the GNSS, whereas the
colored dash and solid lines indicate 5G system with perfectly
synchronized UE’s clock and hybrid 5G-GNSS system with
unknown UE’s clock bias, respectively.
In both simulations, it can be noticed that the proposed 5GGNSS method is always more accurate than the GPS4 but, only
after a certain carrier-to-noise value, it is better than a perfectly
synchronized 5G system. In other words, this study indicates
that exists a certain value of the carrier-to-noise signal, beyond
which a practical 5G positioning can benefit of the interaction
4 GPS positioning with three satellites is theoretically feasible by using an
antenna array and, especially observing the Doppler shifts at the receiver since
the dependence of both the AoA and Doppler with the position is exploited.
However, errors are very large for realistic C/N0 .

Fig. 2. Contour plot of the hybrid system with perfectly synchronized UE.

with GNSS to improve accuracy. However, this value varies
with the number of satellites by comparing Figures 3 and 4.
Figure 5 illustrates the estimation error of the UE clock-bias.
It can be noticed that no performance is shown for the standalone 5G system as the UE clock-bias is not identifiable with
mere LOS measurements. However, both GNSS and hybrid
5G-GNSS can provide an estimate of the bias that improves
with carrier-to-noise. The benefits of a joint processing of
5G and GNSS observables are clearly remarked by the lower
error achieved by this solution, which is more accentuated
in the low carrier-to-noise regime and less at unrealisticly
high carrier-to-noise ratios. Comparing this result with the
location error shown in Figure 4, a tight correlation can
be identified which, for instance, can be exploited for a
mutual performance improvement by using side information
of location or synchronization.
Next, in Figure 6 the estimation error of the UE’s rotation is
provided. In this case, the performance is plotted as a function
of the 5G Signal-to-Noise Ratio (SNR) as we are interested
to a direct comparison of to the orientation error with 5G.
Again, the advantage of the hybrid positioning is proved as the
achievable error is lower than the best of the two solutions.
In contrast to the location error, the 5G-GNSS performance
lines do not intersect the others. This indicates that there is
no minimum carrier-to-noise requirement, since the hybrid
solution always improves the orientation estimation.
Finally, as an example, let us mention that a specific
positioning requirement, e.g. 50 cm, can be achieved by
either with a very good GNSS configuration (5 satellites and
C/N0 = 57 dBHz) or by a hybrid solution with at least
3 satellites with C/N0 = 60 dBHz, 5G SNR −14 dB. By
increasing the 5G SNR, weaker requirements on GNSS signals
can be imposed.
V. C ONCLUSION
In this paper we studied the fundamental limits of 5GGNSS solution for positioning, orientation and UE’s clock-

Fig. 3. Behaviour of a 5G-GNSS position error as a function of the GNSS
carrier-to-noise and using the GNSS observables from 5 satellites.

Fig. 5. Behaviour of a clock-bias error as a function of the GNSS carrier-tonoise and using the GNSS observables from 3 satellites.

Fig. 4. Behaviour of a 5G-GNSS position error as a function of the GNSS
carrier-to-noise and using the GNSS observables from 3 satellites.

Fig. 6. Behaviour of a UE orientation error as a function of the 5G SNR
(without beamforming) and using the GNSS observables from 3 satellites.

bias estimation. It was found that, with a tight coupling of the
observables, GNSS benefits from 5G to improve localization
accuracy and reduce the number of connected satellites. On the
other hand, 5G takes advantage of a GNSS system to improve
gNB-UE synchronization issues as well as to achieve better
localization and orientation accuracy in the low SNR regime.
The Doppler was useful to increase the rank of the FIM.
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