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ABSTRACT

This paper addresses the use of generalized correlations in the
context of High-Sensitivity Global Navigation Satellite System
(HS-GNSS) receivers. Generalized correlations are also referred
to as post-detection integration (PDI) techniques or simply as non-
coherent integration methods. The contributions of this work are
twofold. On the one hand, a novel PDI method is presented, which
improves the performance of methods found in the literature for
small errors of the frequency offset. On the other hand, an ex-
haustive comparative performance analysis is provided between
the proposed technique and the existing ones in the presence of
phase noise coming from the local oscillator. To this end, results
have been obtained for two different clocks, namely a tempera-
ture compensated crystal oscillator (TCXO) and an oven-controlled
crystal oscillator (OCXO). In both cases, the proposed technique
outperforms the existing ones.

Index Terms— High-sensitivity GNSS, non-coherent integra-
tion, phase noise, TCXO, OCXO.

1. INTRODUCTION

Severe attenuation limits the applicability of GNSS receivers in
many scenarios where positioning information would be highly de-
sirable [1]. In those scenarios, the integration time in the receiver
must be dramatically increased to accumulate enough energy to be
able to detect the signal. The total integration time is determined
by a coherent integration period that is repeated several times. This
repetition and the subsequent combination (in a way to be deter-
mined) of the results of the coherent integrations are usually referred
to as post-detection integration (PDI) or non-coherent accumula-
tion. The increase of the coherent integration time is in theory the
most effective way to enhance sensitivity, but in practice this cannot
be done without limit since the residual frequency offsets and the
phase noise restrict the gains of coherent integration. Then, one has
to resort to PDI techniques to further increase the total integration
time and to obtain additional improvements in sensitivity. Although
the non-coherent accumulation is less effective than the coherent
integration in ideal conditions (i.e. when additive thermal noise is
the only disturbance), they have the advantage of being potentially
robust against residual frequency errors and phase noise [2, 3].

Different techniques or strategies have been proposed in order
to improve the sensitivity of non-coherent integration (see a review
in [1, 3, 4]). However, the question about which is the best method
to perform the non-coherent integration under practical conditions
remains open. One of the most relevant practical conditions, often
overlooked in theoretical studies, is that the GNSS receiver clock in-
troduces an error in the signal, which is usually time-varying. This

error is known as phase noise and it results in small random fluc-
tuations or uncertainties in the phase of a GNSS signal. The main
problem of this noise is that it limits the duration of the coherent
integration time.

In this paper, a new PDI technique is proposed and extensively
analyzed under realistic settings (with phase noise coming from two
different clocks) together with other PDI techniques found in the
literature. Furthermore, the maximum values of the coherent inte-
gration time for different clock types are determined.

2. SIGNAL MODEL

The signal received by a GNSS receiver can be expressed in base-
band as

𝑟(𝑛) =
𝑃∑

𝑝=1

𝐴𝑝𝑏𝑝(𝑛− 𝜏𝑝)𝑠𝑝(𝑛− 𝜏𝑝)𝑒
𝑗(2𝜋𝑓𝑑,𝑝𝑛+𝜃𝑝) + 𝜔(𝑛), (1)

where 𝑃 is the number of GNSS satellites, 𝑠𝑝(𝑛) is the pseudo-
random code sequence of the 𝑝th satellite , 𝐴𝑝 is the received am-
plitude, 𝑏𝑝(𝑛) is the unknown data information, 𝜏𝑝 is the code delay
from satellite to receiver, 𝑓𝑑,𝑝 is the Doppler frequency owing to
movement of the satellite and the receiver clock, 𝜃𝑝 is the phase of
the received signal, and 𝜔(𝑛) is the complex additive white Gaussian
noise (AWGN). In order to acquire the different satellites currently
in view, the received signal is correlated for each pseudo-random se-
quence of the 𝑃 satellites. If a satellite is in view, the result of the
correlation between the received signal and the pseudo-random se-
quence of this satellite is a high peak. However, many times it is not
possible to see this peak due to the severe attenuation of the received
signal. As a result, the level of the noise is higher than the value of
the peak. In order to reduce the effect of noise the coherent integra-
tion is performed. The coherent integration consists in the sum of
different correlations of length 𝐿 computed from different time in-
stants of the received signal. The output of the coherent integration
process can be expressed as

𝑅𝑘(Δ𝜏,Δ𝑓) =

𝑁𝑐𝑜ℎ−1∑

𝑚=0

𝐿∑

𝑛=1

𝑟(𝑛+𝑚𝐿+ 𝑘𝐿𝑁𝑐𝑜ℎ)𝑥
∗(𝑛), (2)

with

𝑥(𝑛) = 𝑠𝑙(𝑛− 𝜏)𝑒𝑗2𝜋𝑓𝑑𝑛, (3)

where 𝑥(𝑛) is the pseudo-random sequence of the 𝑙th satellite with
𝜏 and 𝑓𝑑 trial values of the code delay and the Doppler frequency of
the 𝑙th satellite, respectively; 𝑁𝑐𝑜ℎ is the number of code periods of
length 𝐿 inside a coherent integration time, Δ𝑓 = 𝑓𝑑 − 𝑓𝑑,𝑝 is the
residual frequency offset, Δ𝜏 = 𝜏 − 𝜏𝑝 is the residual delay offset,
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𝑘 = 1, ..., 𝑁𝑛𝑐 and 𝑁𝑛𝑐 is the number of non-coherent integrations.
After that, the metric 𝑍𝑋 is generated by applying a PDI technique,
which is obtained by using a non-linear function to the output of the
coherent integration, to further reduce the effect of noise.

The metric 𝑍𝑋 is evaluated for different values of Δ𝜏 and Δ𝑓 ,
but we omit the explicit dependence for convenience. In a real re-
ceiver this process is done for all the 𝑃 satellites. However, in this
work, we perform this process only for the 𝑙th satellite because it is
enough to analyze the performance of the PDI techniques. In this
sense, the problem of acquiring the satellite can be modelled by two
hypotheses: under 𝐻0 the signal is absent (i.e. 𝐴𝑙 = 0) and under
𝐻1 the signal is present (i.e. 𝐴𝑙 > 0) for a certain value of 𝜏 and
𝑓𝑑. The distinction between the two hypotheses can be performed
comparing the maximum value of 𝑍𝑋 with a given threshold [1].
Thereby, if the maximum value of 𝑍𝑋 exceeds this threshold, the
signal is declared present and a coarse estimation of the delay and
the Doppler frequency of the received signal is obtained.

3. PDI TECHNIQUES

In GNSS receivers, the most commonly used technique for non-
coherent integration is the so-called non-coherent PDI (NPDI) [5]
and it can be defined by

𝑍NPDI =

𝑁𝑛𝑐∑

𝑘=1

∣𝑅𝑘(Δ𝜏,Δ𝑓)∣2. (4)

Using the absolute value of the outputs of the coherent integra-
tion the effect of the changing signal phase, due to the frequency
offset, is eliminated, and thus the outputs of several coherent inte-
gration intervals can be combined. Alternatively, Differential PDI
(DPDI) [6] can be used and it can be expressed as

𝑍DPDI =

∣∣∣∣∣

𝑁𝑛𝑐∑

𝑘=2

𝑅𝑘(Δ𝜏,Δ𝑓)𝑅∗
𝑘−1(Δ𝜏,Δ𝑓)

∣∣∣∣∣ . (5)

The basis of DPDI is that the noise components of two coherent
correlations are uncorrelated one with each other, while the signal
components are strongly correlated. Another alternative is the Gen-
eralized PDI Truncated (GPDIT) [7, 8]. The fundamental aspect of
this technique is that it combines the term corresponding to NPDI
with the one corresponding to DPDI, which may lead to a better de-
tection probability than NPDI and DPDI. The GPDIT is expressed
as

𝑍GPDIT =

𝑁𝑛𝑐∑

𝑘=1

∣𝑅𝑘(Δ𝜏,Δ𝑓)∣2

+2

∣∣∣∣∣

𝑁𝑛𝑐∑

𝑘=2

𝑅𝑘(Δ𝜏,Δ𝑓)𝑅∗
𝑘−1(Δ𝜏,Δ𝑓)

∣∣∣∣∣ . (6)

An additional method has been proposed in [9, 10]. The main
idea behind this method is to combine the term corresponding to the
NPDI with a new term. This new term is referred to as squaring
detector (SD), and it is the sum the squared values of the outputs of
the coherent integrator, as it is shown in the following equation.

𝑍NPDISD =

𝑁𝑛𝑐∑

𝑘=1

∣𝑅𝑘(Δ𝜏,Δ𝑓)∣2 +
∣∣∣∣∣

𝑁𝑛𝑐∑

𝑘=1

𝑅𝑘(Δ𝜏,Δ𝑓)2

∣∣∣∣∣ . (7)

The last method, which is the one that we propose and referred
herein as GPDITSD, is the result of taking into account the terms of

Fig. 1. Clock error modeling.

both the GPDIT and the SD. The rationale for this will be explained
later on, when its performance is analysed.

𝑍GPDITSD =

𝑁𝑛𝑐∑

𝑘=1

∣𝑅𝑘(Δ𝜏,Δ𝑓)∣2

+2

∣∣∣∣∣

𝑁𝑛𝑐∑

𝑘=2

𝑅𝑘(Δ𝜏,Δ𝑓)𝑅∗
𝑘−1(Δ𝜏,Δ𝑓)

∣∣∣∣∣

+

∣∣∣∣∣

𝑁𝑛𝑐∑

𝑘=1

𝑅𝑘(Δ𝜏,Δ𝑓)2

∣∣∣∣∣ . (8)

4. PHASE NOISE

One of the main limitations of HS-GNSS receivers is caused by
clock instabilities, which translate into random deviations of the in-
stantaneous phase, often referred to as phase noise [11]. As a result,
the coherent integration time cannot be increased without bound be-
cause there is a risk of signal cancellation.

The clock error can be modelled and generated using a 2-state
system. This clock model was developed in [12] and later also ap-
plied in [13]. It is depicted in Fig. 1, where 𝑢𝑏 and 𝑢𝑑 are two inde-
pendent noise components, 𝑥𝑑 is the clock drift, and 𝑥𝑏 is the clock
bias. Thus, 𝑥𝑏 represents the random fluctuations that exhibits the
GNSS received signal at the front-end output. The noises 𝑢𝑏 and
𝑢𝑑 are Gaussian noise with mean zero and variance

𝑆𝑓

Δ𝑇
and 𝑆𝑔

Δ𝑇
,

respectively. The parameter Δ𝑇 is the sampling time. A representa-
tion of the clock characteristics is given by the spectral parameters:
S𝑓 and S𝑔 , which are related to other coefficients ℎ0 and ℎ−2 as
follows:

𝑆𝑓 ≈ ℎ0

2
(9)

𝑆𝑔 ≈ 2𝜋2ℎ−2. (10)

Coefficients ℎ0 and ℎ−2 correspond the white frequency noise
and the random walk frequency noise terms, respectively, and they
are used to characterize different types and qualities of clocks. In
our simulations, we have used two clocks, namely, a TCXO and a
OCXO. The power of phase noise introduced by a TCXO clock is
larger than the power of phase noise introduced by a OCXO clock.
More precisely, the parameters used for TCXO clock and OCXO are
given by [14] and they are shown in the Table 1.

5. PERFORMANCE ANALYSIS

The probability distributions of the metrics defined in (5), (6) and
(8) are not known in a closed-form and many approximations are
needed if one wants to attempt a theoretical performance analysis. A
big handicap is that the covariance between the individual terms in
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h0 [seconds] h−2 [seconds]
TCXO 9.43e-20 3.8e-21
OCXO 3.4e-22 1.3-24

Table 1. Clock parameters.

Probability of false alarm
0 0.2 0.4 0.6 0.8 1

P
ro

ba
bi

lit
y 

of
 s

uc
ce

ss
fu

l d
et

ec
tio

n

0.8

0.85

0.9

0.95

1

NPDI
DPDI
SD
NPDISD
GPDIT
GPDITSD

Fig. 2. ROC curves for C/N0=20 dBHz, coherent integration
time=100 ms, N𝑛𝑐=7 and Δ𝑓=0 Hz.

(6) and (8) are also not known. Moreover, the addition of the phase
noise in a theoretical analysis is not feasible. Since we are inter-
ested in assessing the performance of the different methods in the
most accurate possible way, we have resorted to extensive numerical
simulations.

The first subsection deals only with the presence of AWGN, but
not phase noise, while the second subsection considers both AWGN
and phase noise. The Receiver Operating Characteristics (ROC)
curve is used to analyze the performance of the detection methods.
Simulations have been performed using the Galileo E1 signal [15]
for different values of carrier-to-noise ratio (C/N0). In addition, HS-
GNSS receivers are able to detect weak signals by extending a large
coherent integration time and using a small number of 𝑁𝑛𝑐 [16]. For
this reason, we apply the same approach in our simulations using a
long coherent time and applying a small number of 𝑁𝑛𝑐.

5.1. Simulation without phase noise

Fig. 2 shows that the proposed GPDITSD offers a significant gain in
terms of probability of detection vs. probability of false alarm when
the frequency offset is zero. The key aspect of this method is that it
combines the terms corresponding to NPDI with both DPDI and SD.

Comparing the performance of the individual terms that form
the GPDITSD, the following conclusions can be drawn:

∙ SD outperforms NPDI.

∙ DPDI outperforms NPDI and SD.

∙ NPDISD outperforms NPDI and SD.

∙ GPDIT outperforms NPDISD.

In the first simulation, the frequency offset of the incoming sig-
nal was set to 0 Hz. The following simulation considers the fre-
quency offset to be a uniform random variable in the range [-50Hz,
50Hz]. It can be seen in Fig. 3 that the SD method suffers significant
degradation in presence of frequency offset. Due to this degradation,
GPDIT turns out to be the best performing technique, unlike the
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Fig. 3. ROC curves for C/N0=20 dBHz, coherent integration
time=100 ms, N𝑛𝑐=7 and Δ𝑓=+/- 50 Hz.
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Fig. 4. ROC curves for C/N0=20 dBHz, coherent integration
time=100 ms, N𝑛𝑐=7, Δ𝑓=0 Hz and using a TCXO (“without PN”
means “without phase noise”).

case with no frequency offset, where GPDITSD outperformed the
rest of detectors. The comparison between GPDITSD and GPDIT
reveals that there is a certain value of frequency offset below which
GPDITSD is advantageous; and above this value, GPDIT is prefer-
able. This is an important result because different applications, de-
pending on the dynamics of the receiver, have different Doppler un-
certainty, and hence one technique may be more appropriate than the
other. Extensive simulations have shown that this thresholding fre-
quency offset value is 1Hz for a coherent integration time equal to
100 ms.

5.2. Simulation with phase noise

The phase noise caused by TXCO clock is introduced in the simu-
lation, as shown in Fig. 4. The ROC of the methods is obviously
degraded with respect to the case without phase noise. Nevertheless,
it is still possible to use a relatively long integration time (i.e. 100
ms) with this TCXO.

We recall that, when the frequency offset is null, the method
that has the best performance is the GPDITSD in absence of phase
noise. However, when phase noise is added to a large extent (as it is
the case with a TCXO), the GPDIT turns out to be the best method
even when the frequency offset is zero. This occurs because the
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Fig. 5. ROC curves for C/N0=15 dBHz, coherent integration
time=500 ms, N𝑛𝑐=4, Δ𝑓=0 Hz and using a TCXO.

SD term suffers a severe degradation, which was a shortcoming not
identified in the existing papers [9, 10]. Moreover, the DPDI method
also experiences a breakdown due to the phase noise because, unlike
the case without phase noise (Fig. 2), it has a very similar ROC to
the standard NPDI. As a consequence, given the marginal advantage
of GPDIT with respect to NPDI, but its higher complexity, we can
conclude that NPDI is the most robust method in case of large phase
noise. Furthermore, the results in Fig. 5 confirm that a coherent time
of 500 ms is not feasible with a TCXO; and in any case, the NPDI
would be the method providing the least degraded ROC.

An OCXO is used for the results in Fig. 6. In this case, the
coherent integration is increased to 1 second. The results show that
coherent integrations of 1 second are perfectly feasible with this type
of clock. As the phase noise is small, the GPDITSD offers the best
performance, and very similar to the case without phase noise. Ac-
tually, the SD term is almost not degraded using this clock unlike the
case with TCXO, which is the reason why the GPDITSD maintains
its advantage.
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Fig. 6. ROC curves for C/N0=12 dBHz, coherent integration
time=1000 ms, N𝑛𝑐=4, Δ𝑓=0 Hz and using a OCXO.

6. CONCLUSIONS

We have proposed a novel generalized integration method, named
GPDITSD, to enhance the sensitivity of GNSS receivers. It is the

combination of different variants of non-coherent and differential
detectors. We have analyzed the performance of several detectors
under several conditions of frequency offset error and assuming re-
ceivers with a standard (TCXO) or with a average-to-good (OCXO)
quality clocks. The simulation results have delimitated the condi-
tions under which one technique outperforms the others. In general,
the TCXO limits the coherent correlation interval to about 100 ms,
and the large phase noise wipes outs the advantage of all differential
and squaring detectors, leaving the standard non-coherent detector
as the best option. On the other hand, the OCXO permits the use
of coherent integration times as long as 1 second, and the advanced
detectors behave much better than the NPDI. In particular, our pro-
posed technique outperforms all the others when the frequency un-
certainty is below a given threshold that has also been quantified.
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